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Modelling pathological effects in intracellular calcium dynamics leading
to atrial fibrillation
by Miquel Marchena
The beating of the heart is produced by the synchronization of the cardiac cells’
contraction. A dysregulation in this mechanism often lies at the subcellular level,
where calcium is the most important ion that controls the cell contraction. The reg-
ulation of calcium concentration is determined by the ryanodine receptors (RyR),
i.e. calcium channels that connect the cytosol and the sarcoplasmic reticulum.
RyRs open and close stochastically with calcium-dependent rates. The fundamen-
tal calcium release event is known as calcium spark, which refers to a local release
of calcium through one or more RyRs. Thus, a deep knowledge on both the spatio-
temporal characteristics of the calcium patterns and the role of the RyRs is crucial
to understand the transition between healthy to unhealthy cells. The aim of this
Thesis has been to study these changes at the submicron scale, which may induce
the transition to Atrial Fibrillation (AF) in advanced stages. To address this issue,
a subcellular mathematical model of an atrial myocyte has been developed and
validated. The model includes the electro-physiological currents as well as the fun-
damental intracellular structures. The high resolution of the model has allowed the
study of the spatio-temporal calcium features that arise from both stimulated and
resting conditions. Simulations show the relevance of the assembly of RyRs into
clusters, leading to the formation of macro-sparks for heterogeneous distributions.
These macro-sparks may produce ectopic beats under pathophysiological condi-
tions. The incorporation of RyR-modulators into the model produces a nonuniform
spatial distribution of calcium sparks, a situation observed during AF. In this sense,
calsequestrin (CSQ) has emerged as a key calcium buffer that modifies the calcium
handling. The lack of CSQ produces an increase in the spark frequency and, during
calcium overload, it also promotes the appearance of global calcium oscillations.
Finally, I have also characterized the effect of detubulation, a common issue in cells
with AF and heart failure. Thus, the present work represents a step forward in the
understanding of the mechanisms leading to AF, with the development of compu-
tational models that, in the future, can be used to complement in vitro or in vivo
studies, helping find therapeutic targets for this disease.
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The heart is a complex multi-scale organ that pumps blood throughout the body by
a coordinated contraction. The correct operation of the heart requires a carefully
orchestrated activity across all the scales (from single cell to full tissue), which
includes the establishment of synchronized behavior of the cardiac myocytes, from
which different spatio-temporal patterns transiently arise.
The heart is, and will remain in the future, a crucial organ that determines the
quality of life of the population. Cardiovascular diseases (CVD) are the leading
cause of death in the developed world and account for about a third of all deaths
[188, 1]. CVD may occur due to problems (1) in the veins or arteries (arteriosclero-
sis) and/or (2) in the disruption of the proper contraction of the ventricles and atria.
These dysfunctions are associated with a number of arrhythmias (i.e., abnormal or
irregular heart rhythm) including atrial (AF) and ventricular (VF) fibrillation and
ventricular tachycardia (VT). CVDs are responsible for over 17.3 million deaths per
year worldwide and are the leading causes of death in the world [205] (Fig. 1).
Figure 1: Distribution of major causes of death including
CVDs. NCD: Noncommunicable Diseases. Data obtained from
[188].
In this Thesis, I study a diverse range of structural and biochemical dysfunctions
produced during AF, by means of different applications of a novel model developed
on purpose. The model simulates a single cell by taking into account the calcium
dynamics. The main motivation for modeling in cardiology is nicely summarized in
a short introduction written by J. Jalife for a series of articles on recent advances in
computational cardiology in the leading journal Circulation Research [129]: “Of all
the cardiac arrhythmias seen in clinical practice, atrial fibrillation (AF) and ven-
tricular tachycardia/fibrillation (VT/VF) are among the leading causes of morbidity
and mortality in the developed world. AF is the most common sustained arrhyth-
mia and is associated with an increased risk of stroke, heart failure, dementia, and
viii
death. In developed nations overall prevalence of AF is 0.9% and the number of
people affected is projected to more than double over the next 2 decades. VT/VF is
the most important immediate cause of sudden cardiac death (SCD). Incidence of
SCD is estimated to be 4 to 5 million cases per year worldwide. Thus, arrhythmias
and SCD are among the most significant manifestations of cardiovascular diseases
worldwide, but their underlying mechanisms remain elusive.”
Nowadays, the incorporation of available experimental data permits the devel-
opment of detailed and realistic models of the heart at all scales: from a single
membrane channel of a cell to the full heart dynamics. The adequate representa-
tion of the normal function of the heart and of various forms of CVDs presents big
challenges for mathematical modeling and simulations. A second equally formidable
task is the integration of largely different spatial and temporal scales in cardiac mod-
eling. This is achieved by the development of powerful computers that allow us to
improve resolution, increase the capability of prediction and enhance the accuracy
of the results.
Structure of Thesis
The structure of the Thesis is the following: the main text is divided into four
parts, each of which is in turn subdivided into several chapters. Part I introduces
the biological framework of the Thesis (chapter 1) as well as the main models that
have been developed previously by other authors (chapter 2). We dedicate part
II to present a new model of calcium handling in atrial cells. In chapter 3 the
cell geometry, fluxes and buffers are described highlighting their most important
features. This part also incorporates the validation of the model with previous
reported data (chapter 4). The model has been used to study several effects on
calcium handling. All these applications are exposed in part III. In particular, the
effect of size and distribution of the RyR2s clusters has been studied in chapter 5.
The biochemical alterations produced during AF have been investigated in chapter
6. In chapter 7 I explain the consequences of detubulation in atrial cells, another
modification produced during AF. Finally, in chapter 8 I analyze the appearance of
calcium spontaneous oscillations in atrial cells from a theoretical point of view. In
part IV, one can find the conclusions of the Thesis.
Regarding the chapters, they are short enough to be easy-to-read but still they
hold self-consistent results. In this way, the reader can jump from one chapter to
the other without losing the thread. However, reading them one after the other
provides a more comprehensive overview of the subject. All chapters have the same
inner structure. First, an introduction to the specific area of interest where a more
broad framework is given to the reader. Second, one will find the material, method
and analysis of the specific methodology developed to address that section. Third,
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The heart is situated at the chest cavity, between the right and left lungs, and
supported by a membranous structure. It is the muscle that pumps blood through-
out the body by a coordinated contraction, triggered by an electrical impulse that
propagates along cardiac tissue. The heart is separated in two halves and has four
main chambers. The lower chambers are the ventricles, while the smaller upper
chambers are called atria. The cardiac muscle, or myocardium, constitutes the
bulk of the heart. It is composed by millions of cells with a length of 80-100µm and
a diameter of 10-20µm. Myocytes present dynamical regulation and processes at
different temporal and spatial scales. The proper functioning of the heart requires
a synchronized activity at all these scales. The oscillatory dynamics of the heart is
led by the sinoatrial node (SA), which is a natural pacemaker that generates the
action potential (AP) that spreads out to drive the contraction cycle within the
atrial and ventricular cells [24]. The AP travels throughout the heart very fast pro-
voking a cascade effect of single cell contractions that ends up with a coordinated
contraction. This process is called excitation-contraction (EC) coupling [26, 24],
where calcium itself exerts important direct regulatory effects during EC coupling.
In cardiac cells, calcium provides the link between the electrical signal and the
contraction of heart, among other ions. Beyond the cardiac cells, calcium is also
one of the most important intracellular messengers, and thus the mechanisms that
control the intracellular free calcium concentration are of fundamental physiological
importance [23]. For instance, Ca2+ takes part in oocyte activation at fertilization
[211], axonal growth [28], cell migration [119], gene expression [12], formation of
nodules in plant root hairs [68], development of muscle [78], release of cytokines
from epithelial cells [135], cell death [228, 76], and excitation-contraction coupling
in muscle cells [74].
In cardiomyocytes, calcium dysregulation has been related to the appearance of
contractile dysfunction, arrhythmias and sudden cardiac death in pathophysiologi-
cal conditions [213]. In particular, calcium can modulate EC coupling by activation
of kinases and phosphatases, which can modulate gene expression responsible for
hypertrophic signaling and heart failure (HF) [24]. A life-threatening arrhythmia,
fibrillation, results when an electrical wavebreak induces reentry and triggers a cas-
cade of new wavebreaks. Ventricular fibrillation (VF) is the most common cause of
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sudden death, whereas atrial fibrillation (AF), the most prevalent clinical arrhyth-
mia, accounts for nearly one third of strokes in the elderly [298]. Clinically, AF
duplicates the mortality rate and increases the risk of ictus (in which poor blood
flow to the brain results in cell death) 5-fold. In spite of this, the treatment of AF
remains deficient or inefficient, because of the incomplete knowledge of the complex
pathophysiology of this disease. Often, AF has been linked to a dysregulation in
the dynamics of intracellular calcium, thus the importance of a good knowledge of
calcium handling dynamics in the cell. On the other hand, in the last ten years, the
refinement of the experimental techniques, such as STED and dSTORM [107, 125,
249] has provided, for instance, a link between the calcium handling microstructure
and the occurrence of cardiac diseases, as AF [175], prompting the quest for more
detailed models of calcium handling, able to mechanistically explain this relation.
1.1 Calcium-induced calcium release
Cell contraction in the heart is mediated by the periodic increase of calcium in the
cytosol. At rest conditions, the levels of calcium inside and outside the cell are about
0.1µM and 1mM, respectively. In addition, inside the cell there is a membrane-
bound structure called Sarcoplasmic Reticulum (SR) that extends throughout the
cell. The main function of the SR is to store calcium in high levels (1mM).
The dynamical properties of the myocytes are heavily determined by the mem-
brane (a phospholipid bilayer) properties. This membrane presents a selective per-
meability, allowing some ions (Na+, K+, Ca2+, etc.) to flow between the extracel-
lular and intracellular media through a set of specific ion channels. The resulting
charge imbalance produces a transmembrane potential difference, whose evolution
is governed by the balance between the electrical and chemical gradients across the
membrane of the cell. The potential at which chemical and electrical forces are in
equilibrium is called the reversal or Nernst potential, and is specific to each ion.
The potential at which the cell is at rest is known as the resting potential, and
in cardiac cells its value is typically around -85 mV. If a sufficiently large stimulus
is given to the cell, the transmembrane potential rises above a threshold potential
and an active response occurs, giving rise to a series of events that result in the
contraction of the cell (Fig. 1.1). The amplitude of the cardiac AP is of the order
of 100 mV. This increase in the AP produces a small influx of calcium through
the L-type calcium channels (LCC). This current triggers Ca2+ release from the
SR network via the Ryanodine Receptors (RyR, [81]) when a threshold calcium
concentration in the cytoplasm is achieved. Thus, the stimulus for release of cal-
cium by RyRs is controlled by the local nanodomains of Ca2+ generated by nearby
LCCs, rather than the global cytosolic Ca2+ [258]. According to that, the control
of macroscopic SR calcium release is achieved by graded statistical recruitment of
individual, autonomous and stochastic calcium release events.



















Figure 1.1: Relation between action potential, calcium and
contraction. Dynamics of the membrane action potential (orange),
the concentration of calcium (blue) and contraction of the myocyte
(yellow).
RyRs are homotetramers with a total molecular mass of >2 MDa (each subunit
is >550 kDa) [121, 150]. RyRs are modulated directly or indirectly by macromolec-
ular complexes (dihydropyridine receptor, also known as L-type Ca2+ channel), ions
(Ca2+, Mg2+), proteins (kinase) and binding proteins (calmodulin, calsequestrin).
All these elements contribute to the dynamics of a single RyR. There are three
known mammalian isoforms of RyR: RyR1, which was first found in skeletal muscle
[265], RyR2, which was first detected in cardiac cells [196], and RyR3, which was
found in brain cells [104]. Since we are studying cardiac cells, I will refer always to
the second isoform of the RyRs (RyR2s).
RyR2s open and close collectively in clusters forming functional units known as
Calcium Release Units (CaRU), which are often confronted to a cluster of LCCs.
Functionally, the RyR2 serves as an intracellular Ca2+ channel in the SR mem-
brane. A cardiac myocyte contains about 20.000 CaRUs. These clusters are densely
localized in z-lines distributed periodically in planes perpendicular to the cell lon-
gitudinal direction, at distances of about 1.5-2 µm [82]. It has been possible to
determine the intracellular structure and the CaRU positions in cardiac cells using
confocal microscopy [250, 251]. This spatial organization is shown in Fig. 1.2 where
the RyR2 clusters are labeled in red.
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Figure 1.2: Experimental RyR2 distribution. Longitudinal
distribution of RyR2 clusters (red) and its relationship to actinin
labeling (green), a marker for the location of z-planes, in a rat ven-
tricular myocyte. Image obtained from Soeller et al. (2007) [250].
In each CaRU the number of RyR2s and LCCs is small (of the order of 10-100
of the former and 5-10 of the latter), thus its dynamics is intrinsically stochastic.
CaRUs are distributed inside the cell, resulting in random and discrete Ca2+ release
events, known as Ca2+ sparks [44]. A Ca2+ spark has been considered as the
unitary dynamical element which produces the cellular Ca2+ dynamics, such as
Ca2+ waves and oscillations [75]. The (seemingly deterministic) global calcium
signal appears from the coordination of several tens of thousands of these CaRUs.
The resultant excess of calcium in the cytosol produces an increment of the calcium
bound to the protein Troponin C, which in turn, binds to the myofilaments that
produce cardiac contraction (see Fig. 1.3). Contraction, therefore, depends on the
amount of Ca2+ bound to troponin C. The end of this process culminates in the
cell contraction (Fig. 1.1). All this process is called Ca2+-induced Ca2+ release
(CICR) [73, 22, 49] and is the fundamental mechanism that produces the heart
beating when, globally synchronized, takes place in all the cells. After the excitation
process, Ca2+ removal allows relaxation of the cardiac muscle. This requires Ca2+
transport out of the cytoplasm by several pathways. The concentration in the SR
is recovered by the active pumping of calcium from the cytoplasm to the SR carried
out by the Sarcoplasmic Reticulum Ca2+-ATPase (SERCA), an active transport
where consumption of ATP allows calcium to flow in the inverse direction from the
cytosol to the SR. Moreover, the Na-Ca exchanger pumps Ca2+ out of the cell.
This process is summarized in Fig. 1.3. CaRUs not just couple SR and cytoplasm
Ca2+ concentrations via Ca2+ release, but they are also correlated due to the Ca2+
diffusion in both domains. Therefore, the behavior of a single CaRU depends on
the behaviors of the neighboring CaRUs.
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Myofilaments
Figure 1.3: Basic components of the calcium cycle process.
In yellow, the cell membrane where the LCCs (orange) and the
NCX pump (green) are present. In blue, the SR where the RyR2s
(blue) and the SERCA pump (yellow) are present. Calcium enters
through the LCCs, stimulating release from the RyR2s and in turn
producing the contraction of the myofilaments. Then, calcium is
reuptaken into the SR by SERCA and taken out of the cell by the
sodium-calcium exchanger.
Even though the same mechanism (CICR) triggers the transient elevation of
Ca2+ in both ventricular and atrial myocytes, there are substantial spatio-temporal
differences in Ca2+ transients [266, 293], due to the dissimilar intracellular struc-
tures. In ventricular cells, the membrane has deep penetrations into the cytosolic
space called transversal tubules (t-tubules) [248] (Fig. 1.4a). The presence of t-
tubules implies, directly, a presence of LCCs in the internal space of the cell and,
thus, a simultaneous calcium release when depolarization takes place. The t-tubular
system in atrial cells is significantly less developed or even entirely absent [118, 20]
producing inhomogeneties in the spatio-temporal calcium patterns when the CICR
occurs (Fig. 1.4b). In particular, the excitation starts at the cell membrane and
then propagates inward, resulting in a delay in activation time between the subsar-
colemma and the cell interior. This is a key difference between atrial and ventricular
cells. In the latter, the opening of LCC channels along the t-tubules triggers the
release of calcium from the SR, resulting in a homogenized calcium pattern. In the
former, this trigger is due to the inward calcium wave.
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Figure 1.4: Ventricular vs. atrial myocytes. Comparison
of the mechanism of excitation–contraction coupling and SR Ca2+
release in ventricular and atrial myocytes.
1.2 Atrial Fibrillation
AF is the most prevalent clinical arrhythmia, accounting for nearly one third of
strokes in the elderly [298]. Many studies suggest that AF has a prevalence of
approximately 1% [71]. This value is highly dependent on the population charac-
teristics. For instance, in 2010, the number of individuals with AF in the European
Union over the age of 55 years was estimated to be 8.8 million but this is expected
to double to 17.9 million by 2060 [148].
HF, hypertensive heart disease, valvular disease and ischemic heart disease are
major contributors to AF-occurrence. A variety of extracardiac conditions can affect
AF-occurrence. Heavy alcohol consumption promotes AF [194], hyperthyroidism
is a well-recognized factor [10] and obesity is increasingly recognized as an AF
risk-factor [232]. Above these factors, advancing age is the most prominent risk
factor for AF [207]. There are other risk factors that contribute to increase the AF
propensity. They can be grouped into modifiable or non-modifiable risk factors [8].
Modifiable risk factors include body mass index, diabetes, obstructive sleep apnea,
among others. The non-modifiable risk factors include genetics, gender, ethnicity,
and of course, age.
AF causes an increase on the risk for stroke and related heart problems. Often,
fibrillation is produced by the propagation of ectopic waves through the cardiac
tissue provoking a cascade of wavebreaks. These ectopic waves, if persistent, may
produce reentry, a type of tachycardia where the cause of the arrhythmia is due
to the electric signal not completing the normal circuit, but rather an alternative
circuit looping back upon itself.
Typically, the propensity to have fibrillation due to wavebreak and reentry has
traditionally been related to tissue heterogeneities caused by structural and elec-
trical remodeling associated with disease processes. Problems with the AP prop-
agation over the cardiac tissue can create spirals and rotors [3, 56]. The study of
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these waves in terms of velocity of propagation, wavelength and periodicity was a
hot topic in the early twentieth century [191]. Mines et al. [190] developed the
notion that the wavelength of the cardiac wave must be less than available circuit
dimensions for reentry to occur based on visual observation, electrocardiographic
recording and selective electrical stimulation. Later on, in 1946, Wiener et al. [300]
showed that the wavelength is the magnitude that determines the likelihood of
reentry.
However, recent evidences indicate that dynamic factors (properties of the AP
and Ca2+ handling) cooperate with tissue heterogeneities to promote AF [299].
That is, a crucial factor that determines the spontaneous automatic activity is
the balance between inward and outward currents during the AP. Especially, a
modulation of the currents carried by Na+ and Ca2+ can cause ectopic firing. Any
persistent change in atrial structure or function is known as atrial remodeling and
the first to introduce this concept was Wijffels et al. [301], who proved that the
maintenance of AF is promoted by these structural and physiological changes ("AF
begets AF"). The dynamic factors can vary in different regions of the heart and
aggravate tissue heterogeneities.
All these effects at tissue level have a correspondence at subcellular level, which
are related to a Ca2+ mishandling. Under normal conditions, regulation of con-
tractile force is controlled by the AP, meaning that the Ca2+ transient is effectively
slaved to the AP. However, CICR constitutes an excitable system in its own right
and can exhibit independent dynamics. For instance, it has been shown that, dur-
ing arrythmia episodes with an elevated pacing period, the beat to beat response
is altered due to a previous alteration of the SR content [59]. In human atrial cells,
these alterations in the calcium transients may produce spatial irregularities [159].
Focal ectopic activity may also result from delayed afterdepolarizations (DADs) oc-
curring after full repolarization. DADs are thought to be the predominant cause of
focal atrial ectopic firing. DADs are caused by a diastolic Ca2+ leak from the SR via
RyR2s. RyR2s are sensitive to both cytosolic and luminal SR Ca2+ concentrations.
A rise in diastolic release can result from SR Ca2+-overload or when oversensitive
RyR2s have an abnormally low Ca2+-threshold for Ca2+-release. This excess of cy-
tosolic Ca2+ is handled by the NCX pump, generating net inward Na+ current that
depolarizes the cell, producing a DAD (see path 1 on Fig. 1.5). This overabundance
of cytosolic Ca2+ can be produced by an enhancement of RyR2 Ca2+-sensitivity
[291, 285]. Another crucial mechanism is the binding-unbinding process between SR
calcium and calsequestrin (CSQ), which is the principal Ca2+-storage buffer of the
SR. A lack of CSQ expression increases free SR Ca2+-concentration and promotes
diastolic RyR2 Ca2+-release [171] (see path 2 on Fig. 1.5). All these non-linear
processes result from the combination of many single pathways that are, at the
same time, cause and consequence of an AF episode. For instance, in persistent AF
it is common to have an over-expression of NCX [291], a reduction of the LCC cur-
rent [307, 281] and an up-regulation of the potassium currents [89, 215]. Moreover,
AF itself causes upregulation in transcriptions factors, in particular by increasing
cellular Ca2+-loading and thereby activating a variety of signaling systems [197].
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These electrophysiological and genetic alterations promote in turn the development














Figure 1.5: Diastolic Ca2+-handling abnormalities under-
lie DADs. Spontaneous SR Ca2+ releases through RyR2 elevate
cytosolic Ca2+, which is exchanged for extracellular Na+ by the
exchanger, producing depolarizing transient inward current. In-
appropriate diastolic RyR2 Ca2+-release is promoted by RyR2-
hyperphosphorylation (red path) or decreased SR Ca2+-binding to
CSQ (blue path). P symbol: RyR2-phosphorylation.
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Chapter 2
State of the art: models
The principal aim of a computational model is to represent an experimental system
in a simplified way. It should meet two criteria often contradicting each other: on
the one hand, it has to describe the features of interest as adequately as possible. On
the other hand, it should be simple enough to be tractable and interpretable. There
would be a set of parameters that must be fitted with the experimental results. This
process would be more or less complicated depending on the model. At the end,
there is a trade-off between the detail of the model (number of parameters) and the
capability to fit these parameters with the physiological knowledge.
Cell physiology has been comprehensively studied during many years. Mathe-
matical description of the corresponding biological processes has made possible to
thoroughly understand the relevant mechanisms that play a characteristic role in
the CICR course. The result is a huge pool of models that fit experimental findings
in a wide range of spatio-temporal scales, going from single channels, to individual
cells and finally to the whole heart.
2.1 Common-pool models
The first whole myocyte model was published in 1962 by Noble [200]. It modeled the
cell dynamics using a modification of the Hodgkin–Huxley equations [112] applied
to pace-maker and Purkinje fibre action potentials. It is a deterministic model and
it assumes homogeneous global concentrations through the cell, what is known as
the "common-pool" approximation. Subsequently, the model was expanded [184,
58] by introducing a more detailed description of the transmembrane currents.
Later on, a model for the ventricular myocyte was developed by Beeler and
Reuter in 1977 [17]. The aim of this first work was to reproduce the action potential
of mammalian cardiomyocytes measured experimentally. The model was formulated
again as an extension of the Hodgkin-Huxley equations. It incorporates inward and
outward currents carried by different ions as potassium, sodium or calcium, among
others. After the publication of this model, many enhancements were incorporated
to make it more realistic. In particular, Luo and Rudy [167] incorporated the
dynamics of the external concentrations of calcium and potassium, and they also
rectified the expression of the time-independent potassium current. It was the
first published biophysically detailed model of the ventricular cell. Up until that
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moment, the models only simulate the ionic current through the membrane. The
first models that included dynamical equations for ionic calcium concentration were
developed by Luo and Rudy [165, 166]. The model produces robust action potential
wave trains under a number of experimental protocols. For instance, this model is
able to predict that, under pathological conditions of fast pacing, the AP amplitude
is reduced due to the incomplete reactivation of the potassium currents between
beats. These more recent models included, beyond the description of ionic currents,
empirical descriptions of calcium dynamics.
In 1998, Jafri et al. [127] presented a novel model to describe the calcium
concentration during excitation-contraction coupling. This model incorporates the
SR calcium release via the RyR2 in the dyadic space, a proper description of the
LCC channels to simulate the discrete-state time-dependent dynamics and calcium
buffering due to calmodulin and calsequestrin. This generic formulation established
the basis of many of the models that followed, including those developed for mouse,
rat, dog or rabbit [29, 304, 238]. These models included the description of the
calcium concentration in the closeness of the LCCs and the RyR2s, where calcium
is released. This small subspace is called "dyadic space". Furthermore, this was
the first model to go beyond the Hodgkin-Huxley approach by introducing a novel
concept, the Markov state representations for the LCCs as well as the RyR2s.
The first atrial cardiomyocyte model was developed in 1987 by Hilgemann et al.
[110]. It simulates the main pathways that play a role in the CICR process, such as
Ca2+ influx through L-type calcium channels, SR Ca2+ release and Ca2+-dependent
activation of NCX. It is able to reproduce the calcium dynamics in the presence
of premature stimulations. Later, the model was used to describe the sinoatrial
node activity [57]. Rasmusson et al. [218] presented a computational model for
bullfrog atrial cardiomyocytes providing insights into the contribution of individual
ion currents to atrial AP initiation, repolarization and resting membrane potential.
As in ventricular models, the first models of atrial cells were based on the Hodgkin-
Huxley formulations. Following with this idea, Ramirez et al. [217] developed a
model for canine atrial cardiomyocytes. They incorporated heterogeneity in the
ion currents expression allowing the reproduction of major experimentally observed
AP features, notably AP shortening and loss of rate adaptation. The model was
enhanced by Kneller et al. [142], which included the effects of atrial tachycardia.
The possibility to obtain experimental data of human atrial mycoyte motivated
the development of the first two computational models of these particular myocytes
in 1998 by Nygren et al. [202] and Courtemanche et al. [54]. Both are common-pool
models, using a compartmental description of the subcellular spaces and are based,
again, on the Hodgkin–Huxley ion-channel formulation. These models have been
widely using during many years to study the atrial cellular electrophysiology as
well as multicellular simulation studies. The Nygren model was later improved by
incorporating charge conservation for the stimulus current [126]. Even though both
the Nygren and Courtemanche models were based on the same experimental data,
they show important differences in AP morphology and pacing rate dependence
[45]. Furthermore, the expressions for Ca2+ fluxes were taken from old ventricular
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models yielding to unphysiological results such that the Ca2+ peak under basal
conditions [302] or the rate-dependent behavior [46].
Newer attempts have been done to trustworthy reproduce the Ca2+ handling
as, for example, by Grandi et al. [94]. This is, again, a common-pool model of an
atrial mycoyte that has been validated with experimental data obtained in isolated
human atrial myocytes at physiological temperature. It incorporates the Ca2+
handling developed by Shannon et al. [238], which has been presented above as the
first to introduce the subspace description of the dyadic cleft and the Markov RyR2
representation presented by Stern et al. [259]. This model is able to reproduce
the Ca2+ dynamics in both normal situations and AF being the first atrial model
to accurately represent the Ca2+ homeostasis of a human atrial cell. For instance,
the model reproduces the appearance of arrhythmogenic EADs when the ultra fast
potassium current is blocked.
2.2 RyR2 models
In the previous section I have explained the relevant features of the main models
that have been developed with the aim to model ventricular and atrial myocytes.
Now, I want to focus on how is modeled the RyR2s dynamics. The first models
were based on deterministic representations of the ion channels. As a result, once
the RyR2s in the common pool models are activated by trigger calcium, the strong
positive feedback of CICR ensures that the release units fully activate, displaying an
all-or-none calcium response. However, experimental findings suggest that calcium
release follows a graded response to calcium triggering [13]. The first to explain
this dynamics was Stern [258], who proposed that calcium sparks terminate by
inactivation of the RyR2s. More physiological models were later developed [219]
and corroborate that Ry2s have an inherent stochastic dynamics. The local control
of the RyR2s through the calcium concentration in the dyadic space was the main
idea of those novel models and it is currently accepted.
In order to reproduce the stochastic activity of the RyR2s, many schemes have
been proposed. In Fig. 2.1 I present four schemes that have been fitted to ex-
perimental data. These schemes have different states that take into account the
different conformations that a RyR2 can present. In the decade of the nineties
many attempts were made to fit these models to the experimental data. In this
sense, many models were proposed with a wide range of states and connections be-
tween them. All of them assume that calcium is the crucial ion that determines the
transition among states, that is, the basis of the CICR mechanism. For instance,
Keizer et al. in 1996 [139] proposed a four state model with three connections (see
Fig. 2.1a); Keizer et al. in 1998 [140] proposed a six state model with six connec-
tions (see Fig. 2.1b). Later on, Sobie et al. [247] propose a two state model which
agrees with the experimental findings (see Fig. 2.1d). In our models, we use a four
state model with four connections (see Fig. 2.1c), based on Stern et al [259] such
that it incorporates inactivation of the RyR2.












Figure 2.1: Different types of RyR2 models. a) Four state
model with three connections proposed by Keizer et al. [139]. b)
Six state model with six transitions proposed by Keizer et al. [140].
c) Four state model with four transitions proposed by Stern et al.
[259]. d) Two state model with one connection proposed by [247].
2.3 Spatial models
All the models presented above are common-pool models, where the calcium con-
centration is considered to be homogeneous in each of several compartments (SR,
cytosol, dyadic space, etc.). One of the first models that took into account inward
wave propagation in atrial models was by Koivumäki et al. [146] in 2011, where the
bulk cytoplasm and SR spaces were divided into several compartments, being thus
a one-dimensional model, allowing for centripetal but not lateral diffusion. This
model was used to study the effect of both subsarcolemmal and central release sites
in AP and whole-cell Ca2+ transient. The model was broadly compared with the
common-pool model developed by Grandi et al. [94] in terms of electrophysiological
properties [302]. A similar model was also used by Li et al. [155], showing the pres-
ence of alternans. However, this one-dimensional approach has some limitations in
terms of calcium wave propagation. A model allowing for both centripetal and lat-
eral diffusion, as well as stochastic RyR2 gating was developed by Voigt et al. [290]
in 2013 using the Grandi model [94], in order to study the mechanisms of EADs and
triggered activity in paroxysmal atrial fibrillation. The model presented by Shan-
non et al in 2004 [238] was used as the basis for a subcellular, three-dimensional
model, by Nivala et al. [198]. They could replicate the well-known Ca2+ local
calcium events (sparks and macrosparks), as well as, the effects of detubulation on
the appearance of Ca2+ alternans [199]. Calcium wave initiation and propagation
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Figure 2.2: Outline of the main models. Schematic overview
of the most important groups of models at ion channels and whole
cardiomyocyte levels. The right column gathers the relevant fea-
tures of the actual approach.
has been considered by Thul et al. [271] in a three-dimensional geometry, assuming
a diffuse and fire model for calcium release. This model proposes "ping waves",
consisting of rotating waves of partial SR Ca2+ releases. It is important to note
that this mechanism is only explicable in 2D and 3D. In the following work, Thul
et al. [272], proved that small variations in the stochastic positions of the RyR2s
produce highly different results in the Ca2+ handling.
Recently, efforts are under way to approach more realistic Ca2+ handling repre-
sentations by including sophisticated ultra-structures to the models. For instance,
Macquaide et al. [175] developed a detailed three-dimensional bidomain model of
calcium propagation to study intra-CaRU cluster interactions, supporting the idea
that cluster fragmentation and redistribution sustains atrial fibrillation through the
enhancement of calcium release. Another relevant study has been done by Colman
et al. [52, 51], who included realistic SR and t-tubule geometries to study their
role on intracellular calcium waves and alternans. The most important modeling
approaches are summarized in Fig. 2.2.
2.4 Beyond the cell level
The development of multiscale mathematical models of the heart is one of the most
important topics in the biophysics area. It may contribute to the understanding
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of the main processes of cardiac function helping in the development and improve-
ment of novel therapies and prognostic methods. For instance, the improvement
of a human AP propagation model in real cardiac structures [203] has achieved
by integrating clinical data. These models are being used to test and generate
hypotheses that are difficult to address experimentally.
However, the transition through all the spatio-temporal scales is an extremely
tough task when trying to grab all these behaviors in a coupled multiscale model
[91]. Models describing ion channels on the cell membrane and the EC mechanism
are typically systems of ordinary differential equations that are solved for each
individual cell (length scales of µm) and can have time scales of 10−4 ms. On
the other hand, mechanical contraction of the tissue and fluid dynamics (length
scales of cm) are nonlinear partial-differential equations with time scales of 10−1
ms. The approach to the multiscale problem is not unique and many attempts have
been done to find computationally efficient methods [201, 276]. With this in mind,
in the last decade, advancements on mathematical modeling and computational
resources allow now to solve highly complex, tightly coupled, multi-physics models.
They perform reliable in silico studies, useful for patient risk stratification, therapy
planning, or in silico clinical trials, among others [284, 86, 224]. The execution of
these models are only achievable by using the super-computing centers.
These full-heart models are increasingly being used to develop specific and per-
sonal analysis for patients with pathologies in the electrical conduction system of
the heart [189, 229, 267]. The combination of these models together with studies
from population-based statistics allow to calculate the parameters and their interval
of confidence in the physiological range. The patient-specific model is then obtained
by adjusting relevant parameters so that model simulation results are in agreement
with clinical recordings. The application of these novel techniques in real situations
requires a multidisciplinary team. On one hand, the medical/biological profile is
needed to provide physiological data as well as previous knowledge of the patient,
whereas the physical/mathematical perspective will formulate the problem and will
develop the programming software.
2.5 Motivation of the Thesis
Mathematical modeling has been a common thread during my undergraduate degree
and masters. The bachelor’s degree in Engineering Physics taught me to apply the
basic principles of physics and mathematics to a wide scope of multidisciplinary en-
vironments. Thus, I gained knowledge about biotechnology and biological systems
as well as other key emerging technologies such that photonics or nanotechnology.
In this dissertation I have been able to apply these powerful techniques to real
and actual cardiac health problems. In recent years, the multidisciplinary team
approach has emerged as a collaborative way to deal with biophysical problems.
The development of this Thesis has been possible working together with people
with different backgrounds. In this sense, I have learned a lot with the meetings
with Dr. Leif Hove-Madsen. Given my profile as engineering physicist, it has been
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utterly necessary to further in the biological knowledge about the cardiac subject
and, at the same time, it has been really motivating to learn and research in this
area. The contribution to CVD research has been a deep motivation to enjoy the









In the following I will present a detailed description of the subcellular calcium model
developed in this Thesis. I will present the geometry considered, the equations that
govern the dynamics, and the different fluxes and buffers that are present.
This model follows the spirit of earlier bidomain models [128, 137], defining
at each point in space both cytosolic and SR calcium concentrations, with given
volume fractions [138]. The model presents some important characteristics: 1) a
very fine discretization, making it possible to describe (even if coarsely) the RyR2
cluster structure; 2) incorporation of the cell structure with distinction between z-
lines and normal cytosol in terms of the volume ratio of SR and cytosolic volumes,
diffusion constants and presence of buffers; 3) freedom to set the RyR2 clusters
arbitrarily, that do not need to be disposed in an homogeneous regular grid.
3.1 Geometry
The computational model describes calcium dynamics at the single cell level and
is based on homogenization [90]. Although it is well known that the SR forms a
branching network (largely interconnected), with an interior that is distinct from
the cell cytoplasm, this fact has largely been ignored, with most models making the
a priori assumption that a Ca2+ concentration for both the SR and the cytoplasm
can be defined at each point in space. So that, the cytoplasm and the SR are
assumed to coexist at every point in space. For this reason, a fraction of each voxel
is occupied by the cytoplasm (vi) and the complementary fraction by the SR (vsr),
given that vi + vsr = 1.
The cardiac cell is modeled as a two dimensional domain with Lx = 80 µm and
Ly = 12 µm. The spatial grid belongs to the submicron scale and it is defined as
dx = dy = 0.1µm. There are points of the grid with and without RyR2s. A typical
RyR2 has a size of 30nm x 30nm. The RyR2s are transmembrane proteins located
at the surface of the SR, so they form a 2D grid. Thus, in each of our grid points I
locate a maximum of 10 RyR2s.
A collection of grid points presenting RyR2s forms a cluster, i.e., a CaRU. In
atrial cells, CaRUs are arranged periodically in the longitudinal and transversal
directions, with some -seemingly Gaussian- dispersion [41]. In our model, we place
the centers of the clusters on the perimeter following an exact periodic distribution
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Figure 3.1: Subcellular structure of the model. Circles (red)
represent points with RyR2s, black crosses are LCC groups, green
stripes indicate the z-line region (domain Ωsr), and small dots the
sarcomere (Ωc). The zoomed figure is the bottom left corner of the
whole cell.
with a period T̄x = T̄y = 0.5 µm (see Fig. 3.1). In front of all these exterior CaRUs
there are LCC groups. Inside the cell, CaRUs are placed following a Gaussian
distribution centered at the z-lines and with a fixed dispersion σ. We take σ = 0.4
µm as standard value. So that, the average distance between CaRUs is Tx = 1.6
µm and Ty = 0.5 µm. Experimental data shows that the SR domain coincides with
these z-lines [250]. In this sense, we identify the z-lines with periodic narrow strips
(0.3 µm width) with a predefined period (Tx). Let be Ωc the sarcomere domain,
that is, the zone between z-lines and let be Ωsr the zone contained in z-lines and
all the contour (∂Ω). Notice that Ωc ∩ Ωsr = ∅. Besides, we consider the presence
of Ca2+ buffers: troponin (TnC), calmodulin (CaM) and SR Ca-binding sites. The
TnC buffer affects the cytoplasmic concentration of calcium in the Ωc domain. The
other buffers, calmodulin and SR, affect also ci but in all the cell, Ωc ∪ Ωsr. We
also consider a buffer in the SR space: calsequestrin (CSQ). We assume that all the
buffers are immobile.
We define ci, csr and cbi as the concentration of calcium in the cytoplasm, the
SR, and the concentration of calcium bound to buffers. This description assumes
that there exist effective diffusion coefficients Di = Di(vi) and Dsr = Dsr(vsr) that,
in an average sense, incorporate the effect of that complex geometry. Although in
principle these coefficients could be calculated knowing the SR structure [90], we
will take the same relation as used in [90]. Since both fractions, vi and vsr, vary in
different parts of the cell, this implies that both diffusion coefficients are functions
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of the position, Di = Di(r) and Dsr = Dsr(r). In our simulations we take the values
Di ∼ 250 µm2/s and Dsr ∼ 90 µm2/s, that are within the upper range considered
in the literature [161, 27].
3.2 Model equations
Because of the homogenization coarse grain, we define ci(r, t) (free calcium concen-
tration), csr(r, t) (calcium concentration in the SR) and cbi(r, t) (calcium attached
to buffers: TnC, CaM and SR buffer) in all points. Therefore, we state the problem
with the following set of partial differential equations (PDEs).
dci(r, t)
dt






Jsr(r, t) +∇ · [Dsr(r)∇csr(r, t)] , (3.2)
dcbi(r, t)
dt
= Jbi(r, t), (3.3)
where Ji and Jsr are the fluxes into the cytosol and the SR spaces, respectively, Jbi
accounts for the binding of free calcium to the different buffers. In order to relate
the fluxes between the cytoplasm and the SR we have multiplied by the volume
fraction vi/vsr, that depends on r, that is, on the domain Ωc and Ωsr. In addition,
each point could have different components (RyR2 or not, LCC or not) and could
belong to the membrane or not. The fluxes that may contribute to the total flux
into the cytosol Ji are the SR release flux, Jrel, the SERCA pump, Jup, the L-type
calcium flux, JCaL, and the sodium-calcium exchanger flux, JNaCa. All these fluxes
are represented in Fig. 3.2, where the bidomain framework is outlined with the
two layers (cytosol and SR). The release flux Jrel carries Ca2+ ions from the SR to
the cytoplasm through the RyR2s. Thus, it exists only on those points that have
a CaRU, indicated by a red dot in Figs. 3.1 and 3.2. Jup pumps calcium from the
cytoplasm to the SR and it is present in all cell domain (Ωc ∪ Ωsr). The sum of
these two fluxes (when appropriate) constitute the total flux from the SR. Then,
JCaL, the inward L-type calcium flux, depends on the LCC clusters, so that it will
act on those points that contain this channel, indicated by a cross in Figs. 3.1 and
3.2. Indeed, LCCs appear only in some points of the cell membrane, ∂Ω (those
that also have a CaRU). Finally, the NaCa exchanger, JNaCa, acts along all the
perimeter ∂Ω. The explicit of each flux will be presented in the following sections.
3.3 Calcium fluxes
In the previous section I have presented the principal equations that govern the
calcium dynamics. The particular expressions of currents Ji and Jsr have to be
split up in cases. In particular, for the already defined regions (Ωc, Ωsr and δΩ) we
have that:








Figure 3.2: Qualitative scheme of the calcium currents
used in the our model. The bidomain description is represented
with both the SR and cytosol layers. The currents are represented
with arrows which indicate the direction of the calcium flow.
• Inter z-planes space (r ∈ Ωc):
Ji(r, t) = −Jsr(r, t) = −Jup(r, t) (3.4)
These currents are defined in internal points without RyR2.
• Internal cytosolic space along the z-lines (r ∈ Ωsr \ δΩ):
- without RyR2:
Ji(r, t) = −Jsr(r, t) = −Jup(r, t) (3.5)
- with RyR2:
Ji(r, t) = −Jsr(r, t) = Jrel(r, t)− Jup(r, t) (3.6)
• Submembrane space (r ∈ δΩ):
- without RyR2:
Ji(r, t) = JNaCa(r, t)− Jup(r, t), (3.7)
Jsr(r, t) = Jup(r, t) (3.8)
- with RyR2 (so, with LCC):
Ji(r, t) = JNaCa(r, t) + Jrel(r, t)− JCaL(r, t)− Jup(r, t), (3.9)
Jsr(r, t) = Jup(r, t)− Jrel(r, t). (3.10)
3.3.1 SR release flux
As shown in Fig. 3.1, we consider each CaRU formed by several grid points con-
taining RyR2s. As standard for a CaRU, we consider one containing 36 RyR2s,
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divided equally among 4 grid points, each one containing 9 RyR2s. We will change
this configuration in sections 5.1 and 5.2 to consider larger CaRUs, maintaining
fixed the total number of RyR2s in the cell, to account to the situation found in
cells presenting AF [175].
Following Stern et al. [259] each RyR2 can be in one of four different states:
close C, open O, and two inactivated states I1, I2 (Fig. 3.3). Calcium release from
the SR to the cytoplasm is taken to be proportional to the concentration difference
and the number of RyR2 in the open state, ORyR,
Jrel = grelORyR(csr − ci). (3.11)
This flux is only present in those points that present RyR2s (highlighted in red
in Fig. 3.1). An effective cooperativity of RyR2 Ca2+ activation is incorporated
by transition rates depending on c3i . Besides, RyR2 inactivation is also considered
to depend on Ca2+ concentration. Therefore, four transition rates are calcium













)n koi = kcci (3.12)
where the value of c∗i = 20µM is a threshold value that prevents the RyR2s to over-
release calcium. The value of the exponent n has been set at 3 and 2 for chapters 5-6
and 7-8, respectively. The other rates are constant with the following properties
koc = ki1i2, koi = kci. Detailed balance implies kio = kic(ka/kb). A luminal SR
calcium dependence has been implemented as in [238]:






Figure 3.3: Markov models. Markov models of the RyR2 (left)
and LCC channels (right).
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3.3.2 LCC flux
The inward current of calcium from the extracellular medium towards each CaRU
is dependent on the number of LCC channels in the open state OLCC , the voltage,
and the average local calcium concentration in these points, which are close to the





where z = V F/(RT ) and zm = 0.341zF . The current ICaL is converted to the flux





where vmyo is the volume of the cytosol and F the Faraday constant. We have used
the LCC model described in [176] with some changes in the parameters as in [7].
We consider the presence of 5 LCC channels in each CaRU (located all in the same
grid point) with five possible states (Fig. 3.3): two closed states (C1 and C2), two
inactivated states (I1 and I2) and one open state (O). The transition rates aij (see
Fig. 3.3) are given by:








, τ0 = (ρ0 − 450)p0f + 450,
ρ0 = 10 + 4954e









Notice that these rates depend on voltage. When the membrane depolarizes, that
is V ∼ 10mV, the LCC transitions to the open state. Moreover, there are rates
dependent on cytoplasmic calcium concentration:
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This current is present in those points that include a LCC group (all of them located
in the cell membrane).
3.3.3 NaCa exchanger




eηz[Na]3i [Ca]0 − e(η−1)z[Na]30ci
S(ci)(1 + ksate(η−1)z)
, (3.19)
with z = V F/(RT ), V the membrane potential, F the Faraday constant, R the
constant of gases and T the temperature. It depends on extracellular calcium and
sodium concentrations [Na]0, [Ca]0, and on intracellular sodium [Na]i, which we
















The pump reaches the equilibrium in a time scale controlled by the value of Kda. In
that case, the cytosolic calcium equilibrium concentration of the exchanger depends





This pump will be present all along the cell membrane.
3.3.4 SERCA pump




1 + (ci/Ki)2 + (csr/Ksr)2
. (3.22)
The flux Jup can be outward or inward depending on the relative concentrations in
the SR and the cytosol. We say that Jup is an inward flux when it increases the
concentration in the SR. Otherwise, it will be outward. Since the denominator is
















where Ki and Ksr represent the local equilibrium concentration of cytoplasmic and
SR, respectively. Since we are considering an homogenized model, the SERCA
pump is set in the whole cell.
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3.4 Buffers
Inside the cell, the majority of Ca2+ ions are bound to proteins, known as calcium
buffers, and only a minor part diffusive freely. To give an order of magnitude, for
every free Ca2+ ion, 100 to 200 are bound to buffers [21, 273]. The effects of buffers
on the calcium dynamics depends on the kinetics with which they bind and unbind
Ca2+. In general, a buffer is said to be fast if the time scale is smaller than the
release time scale. Otherwise, the buffer is said to be slow. A very fast buffer in
the cytosol will decrease the amplitude of the Ca2+ transient and retard its decay.
If, however, the buffer binds Ca2+ more slowly, the initial amplitude of the Ca2+
transient will be large but will decay with a rate given by the binding of Ca2+ to
the buffer [60]. In some cases, there are genetic mutations that affect the calcium
buffering resulting, for instance, in an increase of Ca2+ binding to Troponin C. This
increases both diastolic Ca2+ and the probability of triggered Ca2+ waves [231]. In
the model we consider to have three buffers in the cytosol (Troponin C, Calmodulin
and SR binding site buffer) and another one in the SR (Calsequestrin).
3.4.1 Cytosolic buffers
All the buffers in the cytosol are considered immobile and the binding to Ca2+ is





where bj is the free concentration of the j−th buffer and cbj is the concentration
of calcium bounded to j−th buffer: Troponin C, Calmodulin and SR binding site
buffer. Let be BTj the total concentration of the j−th buffer, then the ODE
associated to the previous reaction is
dcbj
dt
= −koff,jcbj + kon,jci(BTj − cbj) ≡ Jbj (3.24)
3.4.2 Fluorescence buffers
The most used method for quantifying intracellular calcium is based on a family of
fluorescent calcium indicators introduced by Tsien et al. [277, 96]. These indicators
are visible when the cell is observed with a confocal microscope. The addition of
these indicators has an implication in calcium handling, since these indicators act
as any other calcium buffer. Thus, in order to compare our results with the ex-
perimental ones, we have included in the simulations the dynamics of the Rhod-2
fluorescence buffer [70]. It is simulated as immobile calcium buffer with an associ-
ated ODE that follows Eq. (3.24).
3.4.3 Calsequestrin
Calsequestrin (CSQ) is the main calcium ion buffering in the SR of both skeletal
and cardiac myocytes. It was first isolated by Maclennan et al. [172]. At that time,
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the protein was believed to sequester Ca2+ and thus was named, calsequestrin [173].
The dynamics of CSQ has been incorporated to the model. It is a buffer that affects
the calcium on the SR and is considered to be fast based on their rate constants
[222, 38] compared with the release time scale [64]. For that reason, we have applied
the rapid buffer approximation (RBA) to CSQ. Let be q the amount of free CSQ,





and the ODE that describes this reaction is
d[cb,CSQ]
dt
= −koff,CSQ[cb,CSQ] + kon,CSQ[csr][q] (3.25)
Since we assume that the CSQ buffering binding process is faster than release, Eq.
(3.25) can be taken to be in steady state. Then,
0 = −koff,CSQ[cb,CSQ] + kon,CSQ[csr][q] (3.26)
The total concentration of CSQ in the SR is
BCSQ = q + cb,CSQ (3.27)






whereKCSQ is the dissociation constant and it is defined asKCSQ ≡ koff,CSQ/kon,CSQ.
The concentration of buffer bound to CSQ is










The total concentration of calcium in the SR is the sum of the free calcium and the
calcium bound to CSQ












ctotsr −KCSQ −BCSQ +
√
(ctotsr −KCSQ −BCSQ)2 + 4ctotsr KCSQ
]
(3.31)
In the simulation, we solve the PDE for ctotsr and then we calculate the free calcium
in the SR applying the Eq. (3.31). Computationally, with this procedure the
numerical error of the simulations in the RBA of CSQ is negligible.
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3.5 Stochastic gating
In the following I will reefer to both RyR2s and LCCs as "channels". Both type of
channels are described using a Markov chain with calcium and voltage dependent
rates (see Fig. 3.3). The activity of these channels has been often modeled as
continuous-time discrete-state Markov chains [53]. These Markov chains have four
and five states, respectively, and are irreducible, meaning that it is possible to
move from any state to any other state via one or more transitions. To solve the
stochastic dynamics I have used the Gillespie algorithm [88]. The transition rates
for each channel are determined by their gating schemes and their dependence on
local Ca2+ level.
In order to illustrate the stochasticity of the model, I have solved the dynamics
of a CaRU with 36 RyR2s represented each one by a Markov chain. This simulation
of a single CaRU has been done for fixed values of ci and csr. The time evolution
of the RyR2 states is shown in Fig. 3.4a. In addition, I have calculated the number
of open RyR2s in steady state for a broad range of ci and csr values. These results
have been assembled in Fig. 3.4b. For low values of ci the number of opened RyR2s
tends to 0 and it increases as ci increases. The increment is produced by the C → O
rate, kco, which is proportional to c2i . On the other hand, for low values of csr the
number of opened RyR2s is also low due to luminal SR calcium lock down. As csr
increases the number of opened RyR2s tends to the maximum, 36 RyR2s.
Number of opened RyR2s
for fixed values of ci and csr
Stochastic simulation of a CaRUa) b)
Figure 3.4: Stochastic behavior of the RyR2s. a) Temporal
evolution of number of RyR2s in the close, open inactivated 1 and
2 states, respectively. b) Number of opened RyR2s in steady state





Once I have described the subcellular calcium model, I will present results regarding
the global and local calcium traces, when an external stimulation is introduced, and
of spontaneous release events, when there is no stimulation. Part of these results
have been already published in [180]. The novelty in the current Thesis is the
incorporation of the CSQ dynamics to the model with respect to the paper. For
that reason figures may differ from the ones that are already published.
4.1 Stimulated cell
First I consider the case where the cell is stimulated periodically with an AP clamp.
The calcium trace results from the sum of calcium at different sites. Since in our











Fig. 4.1 shows typical traces of the average calcium over all the cell in both domains:
cytoplasm and SR. The model reproduces the experimentally calcium increment
during the upstroke of the global Ca2+ transient [170]. We also show in Fig. 4.1 the
four cytoplasmic fluxes, corresponding to the sodium-calcium exchanger (JNaCa),
the L-type calcium flux (JCaL), SR release (Jrel) and SERCA (Jup). Due to the
small number of LCC channels, the L-type calcium flux is particularly stochastic.
Depending on the pacing period, the model shows different behaviors. We have
quantified this effect by calculating the calcium peak and the calcium basal level
in the cytoplasm and in the SR domain (Fig. 4.2). To assure that the system is
close to the steady state, I have first paced the cell for 50s at each pacing period,
and then taken the average over the next 10 stimulations. As the pacing period
decreases, the cytosolic calcium peak increases moderately, up to a pacing period
of ∼ 200 − 300 ms, beyond which it decreases, due to the decrease in SR calcium
content and fractional release. This behavior agrees qualitatively with the observed
change in the contractile force as a function of pacing period observed in atrial cells
[177, 233], that shows a peak at a period of ∼ 500 ms, beyond which it decreases.
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a) b)
c) d)
Figure 4.1: Global calcium traces. a) and b) Temporal pro-
files of [Ca2+] for both domains, cytoplasm and SR. c) inward and
outward cell currents of JNaCa (dashed line) and JCaL (solid line).
d) SERCA pump flux (solid line) and release flux (dashed line) in
the cytoplasm at a pacing period of 800 ms.
In order to compare the spatial variations within the cell, I have considered
longitudinal sections at the central and peripheral regions, averaged over a 1 µm
width. The complete CaRU distribution is shown in Fig. 4.3, where the longitudi-
nal sections are plotted in green and blue. Simulations suggest strong differences
between calcium levels in the subsarcolemmal space and the center of the cell (see
Fig. 4.3), as well as a delay between release at the peripheral and central regions.
This finding fits with the experimental results in atrial myocytes [31], although it
depends sensitively on the density of the transverse and axial tubule (TAT) net-
work. A more detailed discussion on the effects of TATS on calcium transients will
be done in chapter 7.
The spatio-temporal and local correlation between ci and csr calcium is shown
in the line scan profiles on Fig. 4.4. The four profiles correspond to the same
beat. In the subsarcolemmal region the presence of LCCs and CaRUs results in
an important release activity causing a relevant SR depletion while, in the central
region, calcium does not penetrate, and the local activity is scarce. Still, there is a
depletion of the SR content (visible also in Fig. 4.3) due, not so much to release,
which at the central region is almost negligible, but to diffusion of SR calcium to
the periphery.
The spatio-temporal Ca2+ dynamics in the cytoplasm allows us to clearly un-
derstand how the standard inward wave propagation occurs when the cell is paced.





















































Figure 4.2: Behaviors as function of the pacing period.
Ca2+ peak and Ca2+ basal level as function of the pacing period
(Ts) in both domains: cytoplasm and SR. Each point has been
averaged over 10 beats.
Fig. 4.5 shows spatial profiles at different times during a single beat. Under normal
conditions, the calcium wave starts on the cell membrane and propagates to the
center but this propagation does not reach the central region. This situation is
observed experimentally [31] and it can be understood more clearly by averaging
the calcium concentration over the longitudinal direction, so we can observe the
average inward propagation of the calcium wave (Fig. 4.6). Typically, the inward
wave propagates 4 or 5µm in the transversal direction. From the figure, we can es-
timate an inward wave velocity of roughly 150 µm/s, that agrees well with typical
observed calcium wave velocities of ∼ 100 µm/s [124].
4.2 Calcium wave propagation
Calcium waves in cardiac myocytes have been implicated in pathologies such as
arrhythmias [257, 263, 95]. The spatio-temporal properties of calcium waves have
been investigated experimentally to understand the propagation mechanisms [163].
The wave velocity has been estimated to be between 100-200 µm/s [263, 275, 174].
Experimentally, calcium wave propagation has been measured by applying a local





Figure 4.3: Heterogeneity in the spatial calcium profiles.
a) Spatial distribution of the CaRU. Black dots show the position
of the CaRUs. The green and blue lines indicate longitudinal lines
at the cell center and periphery. b and c) Local Ca2+ measured in
the subsarcolemmal space (blue dashed lines) and the center of the
cell (solid lines) for both cytoplasm and SR domains at a pacing
period of 800 ms. All traces have been averaged over a longitudinal
section of 1 µm width.
concentration of caffeine, an agonist of RyR2s that accelerates the release of calcium
from the SR [209]. The experiments were made under resting conditions and the
concentration of intracellular calcium was imaged with confocal microscopy [275].
The local excitation produces a local increase of calcium that then propagates along
the cell as a Ca2+ wave. In the experiments, as the wave travels trough the cell, it
decreases both its amplitude and velocity.
These experimental results have been used as a further validation of the model.
To reproduce them, the model is set under resting conditions and I impose that
the RyR2s that are at less than 4 microns from the left side of the cell remain
in the open state during the first 0.6 seconds. To compare to the experimental
results, I have measured not the free calcium concentration but the calcium bound
to Rhod-2 buffer (Cab), a common calcium indicator used in experiments [70]. The
time duration of a single wave is about 0.5 s [275] which is comparable to what
it is found with our computational model (Fig. 4.7a), where the wave propagates
through the cell in ∼500 ms. In Fig. 4.7a, we can also appreciate that the width
of the wave front has a magnitude around tens of microns. Moreover, in the region
between the cell left side and the wave front, the RyR2s can not reopen due to
two effects: inactivation and SR luminal shut down. The transition between the
inactivated state and the closed state is determined by the kic rate (see Fig. 3.3).
Thus, the mean time of this transition is about 200 ms (see Appendix A). The
temporal scale of the SR recovery is also abotu 200 ms, and it is determined by
the strength of the SERCA pump, which depends on the rates between the calcium
concentrations on the cytosol and the SR and the equilibrium values defined in









Figure 4.4: Longitudinal line scan. Longitudinal line scan
during a single beat on the subsarcolemmal and the central region
at a pacing period of 800 ms for cytosolic (top) and SR (bottom)
calcium. The colorbar corresponds to calcium concentration in µM.
Appendix A. The consequence of these two effect is the lack of local stochastic
calcium activity (sparks) in the region between the cell left side and the wave front,
as can be seen by comparing the frames of Fig. 4.7a.
Local traces of calcium at different points of the cell are shown in Fig. 4.7b.
Each local trace corresponds to the average calcium concentration bound to Rhod-2
in the colored region following the color scale. Each region has a height of 10 µm
and a width of 2 µm. The peak of Cab is almost constant through the cell as the
wave propagates. The time of arrival of the wave at these regions is estimated by
measuring the time at which Cab reaches the 90% of the maximum value of that
region. Then, the velocity at region i is calculated from difference of time of arrival
regions i− 1 and i+ 1 separated by 4 µm. The propagation velocity as function of
position along the cell is showed in Fig. 4.7c. The velocity has been averaged with
7 realizations of the same simulation. The calcium wave is spread through the cell
with a constant velocity around ∼200 µm/s. This result fits with the experimental
findings [275, 174] even though it is in the upper range. This could be because
the calcium diffusion coefficient and the RyR2 open probability are rather larger















































































Figure 4.5: Spatial profiles at different times of the pacing
period. Inward wave propagation at a pacing period of 800 ms.
The colorbar corresponds to calcium concentration in µM.
in our model. The dispersion of the velocity through the cell increases as the wave
propagates due to the stochastic behavior of the calcium domain (see gray lines in
Fig. 4.7c).
4.3 Spark analysis in non-paced cells
Sparks have been widely studied since their discovery in 1993 [43]. In no-paced
myocytes, a Ca2+ spark reaches its peak of about 2-fold increase with respect to
the baseline within 20 ms, and dissipates in another 40 ms. Typically, it has a
radius of 2 µm. The appearance of calcium sparks is not subjected to the opening
of LCCs but it depends on both cytosolic and luminal local calcium concentrations.
The stochastic nature of these events produces a wide variability in the spatio-
temporal properties. Now I will explain how we measure these events as well as the
proper way to compare our results with experiments.
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Figure 4.6: Spatial line-scans during a stimulation. Line
scans averaged over the longitudinal direction at pacing periods of
500 and 800ms. The colorbar corresponds to calcium concentration
in µM.
4.3.1 Spark properties
Probably the most important part of this Thesis has been the study of the local
dynamics due to the stochastic nature of the RyR2s. The collective activity of
these channels produce local calcium events which are named calcium sparks. The
characterization of these sparks in terms of their spatio-temporal properties it’s still
a hot topic. A complete knowledge in this field will lead the scientific community
to understand the onset of many cardiac problems (DADs, alternans, tachycardias,
among others) as well as to suggest novel therapies to prevent CVDs. Although
experimental techniques are already able to determine the calcium activity in resting
conditions, they are still unable to record the channel activity of each RyR2 during
a calcium release event.
In this respect, because of the high resolution of our model, we are able to
characterize the calcium release events in terms of the number of RyR2s that have
been opened as well as the spatio-temporal properties of the local calcium trace.
In order to characterize these events, iterations over the opened RyR2s are done to
cluster them, that is, to group the openings of the RyR2s that belong to the same
calcium event. To do so, those openings that are close enough in time (≤10ms)
and space (≤ 1µm) are grouped into the same event. This process is summarized
in Fig. 4.8a. Thus, calcium sparks are the result of the collective activity of
several RyR2s. In the model, the cooperativity between RyR2s is given by the
local calcium concentration. If one RyR2 opens produce a local rise of calcium
which will increase the probability of the neighboring RyR2s, producing a cascade
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a)
b) c)
Figure 4.7: Characterization of the calcium waves. a) Cal-
cium bound to Rhod-2 spatial profiles at different times for the same
wave. b) Local Cab traces at different points of the cell. The color
regions have a width of 2 µm and a height of 10 µm. The inner figure
indicates the position of each color along the cell. c) Propagation
velocity of the wave as a function of distance along the cell (black
line) averaged with 7 realizations (gray lines). The color scale has
been overlapped to identify each region.
effect of new openings. Once the openings of each spark are grouped together, the








where n(ROI) is the number of pixels that belong to the ROI. In Figs. 4.8b and c
a typical local calcium trace is shown in time and space. From this trace, the spark
can be characterized by measuring several features, such as
• baseline (co): level of cytosolic calcium before the first opening.
• amplitude: relative amplitude with respect to the baseline amp = ∆cco .
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• full duration at half maximum (FDHM): time lapse during the calcium trace
is above the half f the maximum.
• full width at half maximum (FWHM): it is the width of the calcium signal
measured above half the maximum amplitude.
• time to peak: time lapse between the first opening and the time where the
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Figure 4.8: Diagram of the procedure employed in the
model to label the opened RyR2s into the same event. a)
In the first subplot the red dot represents the first opened RyR2. In
the second subplot, the RyR2s opened in the next frame are shown
in red, and the RyR2s opened in the third frame in pink which are,
in turn, near neighbors of the opened RyR2s of the second frame.
Nearest neighbors RyR2s are defined as the RyR2s at a maximum
distance of 1µm that have been opened 10 ms after the previous
RyR2s. The circle in the third subplot represents the Region of
Interest for this spark. b) Example of a spark trace with the rele-
vant characteristics that we measure. c) Spatial profiles of a spark
at different times. The measure of the FWHM is depicted in the
second frame.
Local calcium traces are shown in Fig. 4.9. We have zoomed in these traces to
appreciate the calcium rise and decay during a calcium spark. The stochasticity of
the model produces different types of sparks regarding their amplitude and duration.
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Figure 4.9: RyR2 distribution and local calcium traces.
The local calcium traces correspond to the spatial averages over
regions of 2.9 µm2.
The characterization of these sparks in terms of their properties is shown in Fig.
4.10a. The mean value of these distributions fits with the previous knowledge about
calcium sparks. For instance, the duration and time to peak have been measured to
be around 20 ms and 10 ms [175, 239], respectively. The mean value of the FWHM
has been measured to be about 2 µm [308]. The mean value of the amplitude is
not comparable with the experiments since this magnitude is heavily affected by
the noise. This issue will be addressed in the next section.
4.3.2 Characterization of the experimental noise
The spatio-temporal profiles of calcium obtained with the model are not comparable
directly with the experimental data. First, experiments do not measure calcium
concentrations but they measure fluorescence, i. e. the amount of calcium bond to
Rhod-2 (for more details go to section 3.4.2). On the other hand, one has to include
to the model the intrinsic noise in the calcium profiles. This noise is produced in
the experimental setup due to random fluctuations in the photomultiplier. The
addition of noise to the simulated data hides the small and short sparks in terms
of amplitude and time duration. Nowadays, these small sparks are not measurable
and they are supposed to be the leading cause of passive calcium leak [236, 36].
To compare our results with experiments, the intrinsic noise of the experimental
data has been characterized. This experimental data has been obtained from the
research group leaded by Leif Hove-Madsen at the Biomedical Research Institute
Barcelona IIBB-CSIC, at Hospital de Sant Pau (Barcelona). The noise distribution
is shown in Fig. 4.11a, where the average time between fires (Tp) of a single pixel
has been computed. This data follows an exponential distribution with a mean time
between peaks of 103ms. Finally, the average number of pixels that fire with respect
to the total number of pixels (Sxy) has been calculated. It follows a Gaussian
distribution with a mean density of 3.92%. We have already checked that the




Figure 4.10: Spark properties. a) Distribution of the spark
properties. Dots represent the mean value of each distribution. b)
Frequency events as function of the number of opened RyR2s.
experimental noise is spatially uncorrelated. We have created synthetic noise with
the same statistical properties as experimental noise. The features of the noise are
shown in Fig. 4.11b.
As it is shown in Fig. 4.11, the experimental noise has no zero mean. In order
to compare the simulated data with the experimental one, I have followed these
three steps:
• Remove the basal level of the calcium signal: c̃i(x, y) = ci(x, y)− 〈ci(x, y)〉
• Generate synthetic noise: S(x, y). The mean value of the noise will be pro-
portional to its amplitude
• Add the generated noise to the normalized calcium signal: c̃s,i(x, y) = c̃i(x, y)+
S(x, y)
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a)
b)
Figure 4.11: Experimental noise characterization. a) Spatial
profile of an experimental frame with noise. Statistical distribution
of the time lapses between peaks, density of fires per frame and
distribution of intensities. b) Analysis of the synthetic data created
with the statistical distributions of the experimental data.
Thus, the baseline of the new signal will be completely determined by the mean
value of the noise which, in turn, is determined by its amplitude. For instance,
in Fig. 4.12 I show a local calcium fluorescence trace with and without added
noise. The addition of noise modifies the baseline of the signal masking the small
sparks while the larger ones are still visible. Moreover, it utterly determines the
spark properties such that the relative amplitude, which will be lower if the baseline
increases due to the addition of noise.
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a)
b)
Figure 4.12: Local calcium traces with the addition of
noise. a) Fluorescence calcium concentration obtained directly
from the simulation. b) The same calcium trace with the addition of
synthetic noise characterized from experiments. Both signals have
been averaged over the same region of 2.5 µm2.
In the experimental lab of Prof. Hove-Madsen, they use an imaging software
to detect calcium events [18], a program patented under the name "Method for de-
tecting local events of intracellular calcium release", which we usually call Spark-
simple. This software processes the data obtained from the confocal microscopy
characterizing the spark properties of the local calcium events, which are spatial
averages over a ROI. One of these calcium traces obtained from the experiments is
shown in Fig. 4.13. Visually, the traces obtained from the model are comparable.







Figure 4.13: Experimental local trace. The experimental
traces are obtained with the Sparksimple software, which aver-
ages calcium concentrations over a Region of Interest (ROI). The
y-axis given by the confocal microscopy is measured in a binned
scale of integer values between 0 and 255.
Sparksimple has been used with the data obtained with the model in order
to characterize the synthetic calcium events. Using this software, we are able to
check if our sparks are detectable under different filtering parameters. In Fig.
4.14a the spark frequency for two filtering sets and two levels of noise is shown.
The number of false positives, that is, the number of events that have counted
artificially since they do not correspond to any opening of a RyR2 is shown in
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Fig. 4.14b. First, Sparksimple discards several calcium sparks due to its spatio-
temporal characteristics. The fraction of discarded events is 15-60% depending on
the level of restriction. However, when noise is added to the simulations, many
events are hidden due to its small amplitude and/or short duration and, thus, the
frequency of visible events decreases.
a) b)
Figure 4.14: Spark frequency measured with the experi-
mental software. a) Spark frequency obtained directly from the
simulations (black) and using Sparksimple with two filtering sets
and two levels of noise. The filtering sets are defined as a group
of intervals for each spark property. The strong filter typically dis-
cards small events, while the weak filter is able to detect the small







Changes in CaRU size and
distribution
The appearance of single-molecule super resolution imaging like the Stochastic Op-
tical Reconstruction Microscopy (STORM) and related techniques, has greatly ad-
vanced insight in cell biology over the last decade. With this new technical ad-
vancements, the visualization of macro structures like the RyR2 channels has been
possible. In particular, it has been feasible to analyze the geometrical structure
of the RyR2s at the subcellular scale as well as how they group into clusters, pre-
viously defined as Calcium Release Units (CaRU). When a CaRU is triggered, it
produces a local release of calcium from the SR. These local release events are called
calcium sparks. A good understanding of their temporal and spatial characteristics
and frequency, as well as the morphology of the CaRU is, thus, very important
to properly characterize the process of CICR. Due to the fine discretization of our
model, we can observe their detailed spatio-temporal profiles. In this chapter, I
have studied the effect of the cell microstructure in the properties and frequency of
sparks.
5.1 Effects of cluster size and spatial distribution
We have first modified the microstructure, changing the size and distribution of
the CaRUs. This is particularly important since it has been observed that the
RyR2 distribution is modified in a specific manner under conditions of AF [175].
We have then calculated the spark frequency under resting conditions for different
configurations defined by the Gaussian distribution of position sites and size of the
CaRUs. For the standard size of the CaRU (36 RyR2s divided equally among 4
grid points, each one containing 9 RyR2s), I have considered three values of the
dispersion in the Gaussian distribution, the standard value of σ = 0.4 µm, and
two cases with larger dispersion of σ = 2 and 3.6 µm, see Fig. 5.1. Besides, I also
consider the effect of a change in the CaRU size, considering CaRUs with 54 RyR2s,
divided equally among 6 grid points, each one containing 9 RyR2s (Fig. 5.1 down
right), but maintaining fixed the total number of RyR2s in the cell. Since the total
number of RyR2s is the same, this means that there are larger, but less CaRUs in
the cell.
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a) b)
c) d)
Figure 5.1: Spatial CaRU distributions. Different RyR2 dis-
tributions considered in the text. The bottom left corner of the
whole cell is displayed. The green dots represent grid points with
RyR2s. a) control configuration, with standard dispersion in the
position of the RyR2s σ = 0.4 µm. b) increased dispersion of σ
to 2 µm. c) σ = 3.6 µm. d) New configuration, where each grid
point contains 9 RyR2s and a CaRU is formed by 6 grid points,
so that, each CaRU represents 54 RyR2s. The total number of
RyR2s remains constant but now, in the new structure, they are
more grouped, that is, the CaRUs are bigger. The dispersion is the
same as in the standard case: σ = 0.4 µm.
In Fig. 5.2A the mean CaRU size is shown. To define the size of a CaRU, I follow
the results by Macquaide et al [175], that showed using a computational model that
clusters closer than 150 nm act together functionally as a single CaRU. We thus
assume that a group of clusters belong to the same CaRU if they are separated, at
most, by 0.15 µm edge to edge from each other. By definition, there is a random
component in the structure, so that, there is a nonzero dispersion on the distance
with respect to the z-line (Fig. 5.2C). Finally, the mean nearest neighbor distance
is shown in Fig. 5.2B. In the new structure, since the RyR2s are more grouped,
the total number of CaRUs is smaller, so that, the mean distance among them
increases.
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a) b) c)
Figure 5.2: Spatial characteristics of the configurations.
a) Mean area occupied by a CaRU. b) Nearest-neighbor distance
among CaRUs, measured from the center of each CaRU. c) Lon-
gitudinal dispersion, measured as the mean distance between the
RyR2s and the center of the z-line. Same color coding as in Fig.
5.1.
The spark frequency is one of the most important indicators of the stochastic
activity at resting potential. The total number of spontaneous calcium sparks has
been recorded. As shown in Fig. 5.3a, we observe that the frequency decreases with
the longitudinal dispersion meaning that the cluster-cluster communication plays
an important role in stochastic activity. On the other hand, when the CaRUs are
bigger, the spark frequency increases twofold with respect to the distribution with 36
RyR2s and low longitudinal dispersion of the RyR2s. Besides the global frequency
of calcium release events, one can measure the spatio-temporal characteristics of
each spark. In Fig. 5.3a I also show the amplitude of the sparks with respect to the
baseline, the time to reach the peak, which is the lapse time between the firing of
the first RyR2 and the time at which is achieved the peak of calcium, and the full
duration at half maximum, the lapse of time at which the calcium level is above
half of the peak.
The model allows us to determine the number of RyR2s that have been opened
during a single calcium event. This calculation is shown in Fig. 5.3b. The cluster
size is fixed to 36 RyR2s, meaning that most of the calcium events are produced
by the coordinated spatio-temporal activation of several CaRUs. The increment of
the CaRU size (54 RyR2s) produces larger events in terms of the number of opened
RyR2s. Alterations in RyR2s organization have been measured in patients with
AF and they have been related to the appearance of large sparks [175, 239].
50 Chapter 5. Changes in CaRU size and distribution
b)
a)
Figure 5.3: Spark characteristics. a) Spark frequency, ampli-
tude, time to peak and FDHM, for the four different configurations,
σ = 0.4, 2, 3.6 (with 36 RyR2s) and σ = 0.4 with large CaRUs (54
RyR2s). b) Spark frequency as function of the opened RyR2s for
both assemblies.
5.2 Effects of a heterogeneous distribution of RyR2s per
CaRU
It is widely accepted that the size of the CaRUs is heterogeneous through the cell.
In general, the cardiac myocytes have plenty of small clusters with 1-10 RyR2s and
few of them with more than 100 RyR2s. However, beyond that general rule, there
are severe discrepancies in how could be this distribution of RyR2s per CaRU. For
instance, Soeller et al. [250] measured the cluster size in rat ventricular myocytes
and found a mean value of 182 RyR2s with an asymmetric Gaussian distribution.
However, strong assumptions were done to calculate the cluster size. In particular,
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they assume circularity and complete filling of the junction yielding to a overesti-
mation of the cluster size. Baddeley et al. [11] studied the RyR2 distribution in
the periphery of the rat ventricular cell. They showed that, in average, the CaRUs
have 14 RyR2s and the distribution follows an exponential. Moreover, the stochas-
tic assembly of RyR2s makes it possible to have macroclusters, which are defined
as the groups of clusters which are close enough to act functionally as one CaRU.
Later, they studied the internal CaRUs [114] where they found that the cluster sizes
exhibit a near-exponential distribution with a mean size of 63 RyR2s. This result
is similar to what has been found in [55] with a mean value of 43 RyR2s in mouse
dyadic couplings. Recently, more efforts have been made to prove the existence
of that exponential distribution [130]. However, other recent studies have found
that the distribution is Gaussian with a mean value of 84 RyR2s [85]. Galice et al.
[85] use the relative F-FKBP fluorescence intensity to provide a direct quantitative
relation of the number of RyR2s within a given local cluster. On the other hand,
there are several studies which state that RyR2 distribution has a bimodal shape,
formed by the sum of a Gaussian and Exponential distributions. In that respect,
Macquaide et al. [175] studied the structural properties in sheep atrial mycyotes
and they obtained that the mean cluster size is about 15 RyR2s. The relationship
is well fit with the sum of an exponential for small clusters and a Gaussian function
for larger clusters. This indicates that small and large RyR2 clusters belong to two
sub-populations. In addition, they showed that in persistent AF the organization
of the CaRUs is more fragmented, with more clusters that are in close proximity
to each other. It has also been shown that the organization of RyR2s follows a bi-
modal distribution in rabbit atrial myocytes [262]. All these experimental findings
are summarized in Fig. 5.4. Despite the strong discrepancies on which is the CaRU
distribution, it has to be said that the experimental resolution is not fine enough to
do an exact definition of a CaRU in terms of the maximum distance between the
subsets that conform a CaRU. For that reason, one finds this huge variability on
the results.
For simplicity, in all results presented until now, I have used an homogeneous
distribution where all the CaRUs have the same size (36 RyR2s). To be more
precise, the model actually incorporates dispersion in the position of the CaRUs,
so there exists a non-zero probability to have macro clusters built by single CaRUs.
However, beyond that fact, we can say that the distribution is homogeneous. To
analyze the effect of the CaRU organization, I have incorporated to the model an
algorithm to construct heterogeneous distributions. To do so, I follow [175, 262] to

















where f(N) is the probability density function to have a cluster of N RyR2s, No is
the mean value of the exponential distribution and µ and σ are the parameters of
the Gaussian distribution. Then, taking the cumulative distribution function of Eq.


































































Figure 5.4: Outline of the CaRU distributions. Overview
with the different experiments and results that have been done to
measure the CaRU distribution.
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(5.1) one can numerically invert the function. That is, let be U a random number



















To construct the full cell CaRU distribution, one has to follow these three steps:
1) take as many random numbers as needed to achieve the value of 65000-70000
RyR2s, 2) place the clusters over the z-lines, considering that we have the same
number of clusters in all z-lines, 3) apply the same dispersion criteria as the one
presented in section 3.1. In Fig. 5.5 I have summarized these three steps.
1
3 2
Figure 5.5: Schematics of the protocol used for the cre-
ation of the heterogeneous distribution in the model. 1)
The cluster size is a random number obtained from a bimodal prob-
ability distribution (exponential and Gaussian). The cluster shape
is formed by using a growth isotropic algorithm. 2) The cluster
is shifted with respect to the z-line using Gaussian noise. 3) The
cluster is placed along the z-lines.
5.2.1 Analysis
In the stochastic algorithm to assembly the RyR2s into clusters, one has to fit
the parameters (No, µ, σ) to have physiological results. From [175] we know that
the mean cluster size is 15-20 RyR2s and the Gaussian peak is close to 50 RyR2s.
With that, one can construct the algorithm to simulate an heterogeneous CaRU
distribution. In Fig. 5.6 I show an example of the RyR2 distribution, where we can
appreciate the heterogeneity in the cluster size. Again, the CaRUs are placed over
z-line forming somehow straight lines that cross the cell through the transversal
axis.
In the following, I will compare the results obtained using this novel distribution
with the results presented in previous sections that are based in an homogeneous
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Figure 5.6: Spatial distribution of the CaRUs for the het-
erogeneous distribution. RyR2 configuration using the distribu-
tion presented in Eq. 5.1. In blue the internal RyR2s and in red
the RyR2 placed in the membrane. A region of the cell has been
zoomed to appreciate the variability of the CaRUs.
distribution. The number of RyR2s per CaRU is plotted in Fig. 5.7a. We can
observe a population of CaRUs with very few RyR2s, meaning that an important
part of the clusters are small while, on the other hand, another population at
around 50 RyR2s are big clusters and, eventually, can form macro clusters. These
macro clusters are huge assemblies of RyR2s with more than 50 RyR2s and appear
due to the tail of the Gaussian distribution. The mean cluster size is 32 RyR2s.
On the other hand, we have the homogeneous distribution (Fig. 5.7d) which is
a discrete delta function centered at the number of 36 RyR2s per CaRU. The
novel heterogeneous distribution allows the model to fit the experimental findings
recorded by Macquaide et al. [175] and Sutanto et al. [262]. The distribution of the
closest distance between clusters is plotted in Fig. 5.7b and d. The mean value in
both cases is 0.49 µm. For the heterogeneous distribution it looks like a Gaussian
distribution with a longer tail in comparison with the homogeneous distribution.
Both configurations have a similar number of CaRUs (see Fig. 5.7c and f).





Figure 5.7: Geometrical characteristics of the configura-
tions. a and d: number of RyR2s per cluster for the heterogeneous
and homogeneous distribution, respectively. A cluster is defined as
the group of RyR2s that are grouped when edge-to-edge distances
are ≤ 150 nm. b and e: closest distance center-to-center between
clusters for the heterogeneous and homogeneous distribution, re-
spectively. c and f: number of CaRUs in the cell for the heteroge-
neous and homogeneous distribution, respectively. The filled dots
represent the mean value of each distribution.
5.2.2 Results
With this new assembly of RyR2s, simulations without external stimulation have
been performed, that is, the membrane potential is set at -85 mV. By setting the
proper initial conditions, it is ensured that the system is at the steady state. All this
leads to a post rest framework where one can study the spark frequency and all the
properties related to the calcium release events. Other than the RyR2 number dis-
tribution, both systems have the same parameters and the same initial conditions.
The CaRU distribution together with the calcium activity of each CaRU is shown
in Fig. 5.8. The spark activity is focused on those CaRUs which have a sufficient
number of RyR2s, while small clusters have less activity. This qualitative figure
gives us an idea of how much relevant is the intrinsic structure and distribution of
the RyR2s into CaRUs.
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CaRU distribution Spatial heat map of calcium events
Figure 5.8: Spatial distribution of the firing CaRUs. CaRU
distribution for an heterogeneous assembly of RyR2s (left) matched
with the activity of each cluster (left). The current distribution
represents a section of 12x15 µm2 of the cell. The colorbar shows
the number of events in each CaRU in a logarithmic scale.
This correlation between the events and the opened RyR2s allows us to clearly
understand the local calcium activity. In Fig. 5.9 I show three representative
calcium events for different number of total opened RyR2s. First, I show the number
of opened RyR2s as function of time. In the second subfigure I show the free calcium
concentration and, third, I show the calcium attached to Rhod-2, the fluorescence
indicator used in experiments. For the small event (NRyRs = 5), the amplitude
is much smaller than for the large events (NRyRs = 38, 71), whereas no significant
differences in terms of amplitude are shown between these larger events. This
suggests that SR local load is completely depleted preventing the release of more
calcium. Thus, above certain threshold of NRyRs, the total released calcium will
be the same. Here we can see how calcium buffering smooths the temporal profiles
due to the delay in the binding process between the free calcium and Rhod-2.
To have an idea of the local effects of the spatial heterogeneity of CaRUs sizes,
three local regions of the cell with the distribution of RyR2s and the calcium dy-
namics averaged on that region are shown in Fig. 5.10. For the homogeneous
distribution, the regions are almost equal with three CaRUs. On the other hand,
for the heterogeneous distribution, the RyR2 distribution is different for each region
and this variability is translated to the local calcium dynamics. For instance, in the
second region the size of the sparks is much lower than for the other regions. For
both distributions, the local calcium dynamics presents sparks with different sizes
and shapes but all of them have a short time duration (≤ 1s).
In order to quantify these results, the distribution of the main characteristics
of sparks has been computed and it is shown in Fig. 5.11a. The mean values of
these distributions are shown in Fig. 5.11b. Although the spark properties do
not seem to qualitatively change between the homogeneous and the heterogeneous
configurations, we observe a 6-fold increase in the macrospark frequency between
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Figure 5.9: Calcium sparks as function of the number of
RyR2s. Three calcium sparks as function of the number of RyR2s
opened during the release event. From top to bottom, number of
opened RyR2, local free calcium concentration and local calcium
bound to Rhod-2 concentration. Concentrations are expressed in
µM.
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Region 1 Region 2 Region 3
Gauss & Exp
Region 1 Region 2 Region 3
36 RyR2s / CaRU
Figure 5.10: Variability of the local traces. Three represen-
tative regions of the cell with the RyR2s distribution and the local
calcium dynamics averaged over the specific region.
the homogeneous and heterogeneous distributions. This suggests that the micro-
structure of the CaRU determines the appearance of macro-events that, in turn,
would be able to promote delayed afterdepolarizations or arrhythmias during cal-
cium overload [133, 125].
Next, we study how the properties of sparks depending on the number of open
RyRs in each event. In Fig. 5.12a the number of events per unit of time has
been plotted as function of the RyR2s that have been opened. Both configurations
follow an exponential distribution while the heterogeneous one (blue bars) seems
to have a long tail. However, the differences are not stronger enough to ensure
that this variability is important. As can be observed in Fig. 5.12b, both FWHM
and the relative amplitude increase with the number of RyR2s showing the strong
correlation with the number of RyR2s. Above certain value of RyR2s (∼ 25), the
dispersion in the mean values hides the tendency of these curves due to the lack of
statistics. On the other hand, FDHM and time to peak seem to decrease with the
number of RyR2s.
Finally, we have studied the average calcium concentration in each pixel. To do
so, the calcium concentration in each pixel of the grid has been averaged during all
the simulations. This temporal averaging is shown in Fig. 5.13a, where the RyR2
distribution have been plotted. Visually, we can see that the levels of calcium are





Figure 5.11: Spark properties. a) Spark frequency, amplitude,
FDHM and time to peak for the homogeneous (red) and the het-
erogeneous (blue) distributions. b) Mean value of the distributions
presented in subfigure a). Here I have included the frequency of
sparks as well as the frequency of macrosparks. Macrosparks are
those sparks with a FWHM ≥5 µm, following the definition from
[175].
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b)
a)
Figure 5.12: Correlation between spark properties and the
number of RyR2s. a) Number of events as function of the ac-
tivated RyR2s. b) Spark properties as function of the number of
RyR2s. FWHM is measured in µm, FDHM and time to peak in ms
and amplitude is a non-dimensional magnitude.
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nonuniform in both the homogeneous and the heterogeneous distributions. Thus,
one would infer that these differences are due to random fluctuations. However,
the average calcium concentration in a pixel depends on the RyR2 distribution. In
the heterogeneous distribution, pixels which are close to more RyR2s present larger
levels of calcium. This effect is shown in Fig. 5.13b. While in the homogeneous
distribution the basal level is independent on the number of surrounding RyR2s,
in the heterogeneous distribution a 8% increase is observed between the pixels
without surrounding RyR2s and the ones with 100 RyR2s. This result enhances
the hypothesis that the structural properties of the CaRUs determines the stochastic
local calcium release in terms of the spatial localization.
b)
a)
Figure 5.13: Influence of CaRU structure on local calcium
concentrations. a) Sum of all frames from a single realization of
the RyR2 distribution. The white dots represent the RyR2 distribu-
tion. b) Average Ca2+-Rhod2 concentration per pixel as function of
the number of RyR2s in the neighborhood. This number is defined
as the number of RyR2s that are within a radius of 0.3µm of each
pixel. Both scatter plots have been obtained by averaging over 13
realizations of 12.5s.
5.3 Discussion
Calcium release units are the fundamental structures that determine the morphol-
ogy of calcium sparks. The high spatial resolution of our model allows us to study
in detail the dynamics in the surroundings of the CaRUs, that is, the local calcium
concentrations and, thus, the spark activity. In this chapter I have analyzed the
effects of changes in the structure of CaRUs on calcium sparks.
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Effects of cluster size and spatial distribution. In section 5.1, I have ana-
lyzed the effects of CaRUs on calcium sparks by simulating four different distribu-
tions. The first CaRU distribution that I have used is an homogeneous distribution
with exactly 36 RyR2s in each CaRU and with low noise in the position with re-
spect to the z-line (σ = 0.4). We have defined it as the reference distribution and it
has been used in both sections of this chapter. Two more configurations are defined
with the same number of RyR2s in each CaRU and with more dispersion the posi-
tion of the CaRUs, σ = 2 and 3.6, respectively. In a fourth configuration, CaRUs
are formed by 6 grid points, so that, each CaRU represents 54 RyR2s. These larger
CaRUs are obtained increasing their size, but maintaining the density of RyR2s,
similar to what is observed in atrial cells presenting AF [175]. We have defined
three magnitudes to characterize the CaRU distributions: mean area occupied by
a CaRU, nearest-neighbor distance among CaRUs and longitudinal dispersion with
respect to the z-line.
We have calculated the spark frequency as well as the spark properties such as
the FDHM, the amplitude or the time to peak. Simulations suggest a decrease in
spark frequency with CaRU spatial dispersion (Fig. 5.3a). This is correlated with an
increase in CaRU nearest-neighbor distance, suggesting that cooperativity among
local release events at nearby CaRUs could play an important role in the generation
of sparks. In fact, sparks encompassing several CaRUs have also been observed
experimentally [144]. The time to peak and the amplitude follow the same trend,
they decrease with the longitudinal dispersion (Fig. 5.3a). Finally, simulations
suggest that the FDHM is almost constant for all configurations. When the same
total number of RyR2s in the cell are distributed in larger CaRUs, we observe
an increase in spark frequency (Fig. 5.3a). Both time to peak and amplitude
increase with the larger assembly of RyR2s while the FDHM remains constant.
Moreover, the number of opened RyR2s in each calcium spark has been recorded.
This last calculation is an added value of all this study, since, at this moment, the
experimental resolution is not able to record this information. Simulations suggest
that the spatial assembly of RyR2s in larger CaRUs promotes the activation of
more RyR2s (Fig. 5.3b) and, thus, the appearance of big sparks (or macrosparks).
Effects of a heterogeneous distribution of RyR2s per CaRU. The hetero-
geneity on CaRU distribution has been generalized in section 5.2. An algorithm to
produce random configurations of irregular CaRUs that follow a bimodal distribu-
tion has been presented, where the bimodal distribution arises from the combination
of an exponential and a Gaussian distributions. The algorithm has been fitted to
experimental findings [175, 262]. This novel procedure generates CaRUs with dif-
ferent shapes and sizes, as it can be seen in Fig. 5.6. The total number of RyR2s
is the same as in the previous section. With this new assembly, simulations have
been approached to a more realistic situation including the spatial heterogeneity
to the original model. The resulting spark properties have been compared with an
homogeneous configuration with 36 RyR2s in each CaRU. Simulations suggest that
the formation of macro-clusters promotes the appearance of hot spots, that is, large
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clusters that fire repeatedly (Fig. 5.8). The fine discretization of the model allows
us to study the local calcium activity. In this sense, there is variability of the local
calcium traces as a function of the number of RyR2s (Fig. 5.9). Although strong
differences between configurations in terms of the spark properties are not observed,
the model suggests that the appearance of macro-sparks is linked to the presence
of macro-clusters, which are only possible in the heterogeneous distribution. These
macro-sparks would be related to the presence of DADs and even arrhythmias dur-
ing increased RyR2 open probability [234, 100] and calcium overload [42, 164]. In
this respect, I have evaluated the correlation between the average local calcium con-
centration and the number of surrounding RyR2s. Simulations suggest that regions
with more RyR2s in the heterogeneous distribution have a larger level of calcium
concentration, while this effect is not shown in the homogeneous distribution (see
Fig. 5.13). Finally, the distribution of events per number of RyR2s follows a de-





RyR2 activity modulators during
AF
AF has been associated with changes in the expression or activity at the subcellular
level, as has been explained in chapter 1. Recent works have evidenced [158, 268]
that modulations in CSQ concentration and in RyR2 phosphorylation cause an
heterogeneous distribution of calcium sparks that could lead to ectopic activity
and calcium waves. To asses these situations, we have modified the RyR2 Markov
model in the subcellular model to include the dependence on (1) the free CSQ
concentration and (2) a RyR2 phosphorylation spatial factor. These studies are
explained in sections 6.1 and 6.2, respectively. Finally, I have included a general
Discussion reviewing the effects of two RyR2-modulators above-mentioned.
6.1 Calsequestrin
CSQ is one of the major Ca2+-binding proteins in the SR with high capacity and low
affinity [192]. CSQ is preferentially anchored close to the RyR2 channels [132, 80].
Nowadays it is known that CSQ is the key element that controls the RyR2 gating
[99, 143, 252] through the calcium bound to CSQ. In particular, it has been shown
that the absence of CSQ enhances the RyR2 channel opening and, thus, promotes
premature spontaneous SR Ca2+ macro events. In addition to simply storing Ca2+,
CSQ concentrates Ca2+ near the points of release consequently influencing the
release process by controlling free Ca2+ dynamics near the luminal regulatory sites
of the RyR2 complex [15, 14, 16].
Dysregulations in CSQ dynamics have been associated with heart diseases [63,
221]. The first experiments that studied the effects of CSQ in Ca2+ handling were
done by Sato et al. [227] and Jones et al. [131], where it was shown that an over-
expression (20-fold) of CSQ in mouse ventricular myocytes produces high SR load
and leads to HF. At that time, other studies suggested that the activity of the
RyR2s depends on the Ca2+ in the SR [243, 47] although both calcium transients
and sparks were reduced in amplitude and frequency. It was not obvious to explain
why an increase in the SR load produced a reduction of calcium handling in the cy-
tosol. Recently, these changes have been attributed to: (1) an inhibition of RyR2s
by high levels of CSQ [101] (2) an increase of the SR volume [143] as a compensatory
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mechanism to preserve the Ca2+ release. On the other hand, experiments with rat
myocytes have shown an increase in the Ca2+ transient with a three to four-fold
over-expression of CSQ and also an increase on the refractory period of the RyR2
channels [270]. In contrast, CSQ knockdown leads to shorter Ca2+ transients and
fast restitution of the RyR2s yielding to global oscillations and DADs. The abla-
tion of CSQ causes a form of tachycardia, namely, catecholaminergic polymorphic
ventricular tachycardia (CPVT) [63, 48]. Exactly, there are 15 known mutations
in CSQ which are known to cause CPVT [102]. Therefore, modulation of CICR
properties is an important mode for treating cardiac diseases.
6.1.1 Methods
In recent years many attempts have been done to thoroughly understand all the
causes and consequences of CSQ modulation. We will briefly describe the main
contribution to the topic as well as the objectives of our work.
The relation between CSQ mutations and spontaneous calcium release has been
studied in both guinea pig ventricular myocyte [72] and human cells [122]. Both
models are able to reproduce the spontaneous calcium release and the enhancement
of DADs when the expression of CSQ is altered. The most important limitation
of these studies is that they are based on common-pool models and this is at odds
with well-known experimental results: (1) the CICR process is produced by the
coupling of unitary calcium release events (sparks) and (2) the pathological CICR
occurs in the form of Ca2+ waves, that is, heterogeneous calcium patterns.
Although early models [246, 247, 152, 2] do not include an explicit regulation
of CICR by CSQ through a modification of RyR2 gating, they already proposed
an indirect relation between the SR luminal calcium and the activity of RyR2.
Later, new mathematical models investigated novel mechanisms that include direct
CSQ regulation of RyR2 gating [153]. These models can, for instance, explain the
increase on spontaneous Ca2+ release with reduced CSQ.
CSQ has been demonstrated to have two main effects. On one hand, it works
as a reservoir of Ca2+ in the SR that binds and unbinds to free calcium. This
dynamics is represented by the reaction equation already presented in section 3.4.3.
On the other hand, CSQ modulates the RyR2 gating. To take into account this
effect, Lee et al. [153] proposed a four state model where transition rates depend
on the calcium bound to CSQ (q). Initially, they worked with an eight state model
that can be simplified to four states if one assumes the rapid buffer approximation
of CSQ. The scheme of the RyR2 is equivalent to the one presented in Fig. 3.3. We
have incorporated the CSQ dependence on two rates: kco and ki2i1, which now are
defined as:





































The modified four state RyR2 model is shown in Fig. 6.1a. The dependence of k∗a
and k∗b on the unbound CSQ concentration is shown in Fig. 6.1b. We have followed
the same notation as in [153]. k11 and k2 are the rates of RyR2 opening when CSQ
is attached or not to them, respectively; Kd1 and Kd8 are the dissociation constants
of the model. q is the concentration of free CSQ. The total concentration of CSQ
(BCSQ) has been measured in patients with and without AF [158] where the CSQ
concentration is larger in patients without AF. Moreover, it has been shown that
BCSQ varies through the cell [268]. In both conditions BCSQ is higher near the
membrane and then decreases throughout the cell. In our simulations, it has been
considered that in the no AF condition, BCSQ varies between 6mM and 2.25mM
and, in case of AF, it varies between 3.38mM and 1.5mM. It has been assumed that
it decreases linearly with the distance to the membrane. Then, the total amount of
calsequestrin is given by:




where B0 is the total concentration of CSQ in the membrane, B1 is the total con-
centration of CSQ at the farthest points, which are in the center of the cell, and
r is the distance from any point (x, y) to the center of the cell. The reduction of
BCSQ induces a reduction of free CSQ concentration q and, in turn, an increment
of the open rate kco (see Fig. 6.1b). The spatial distribution of BSQ(r) is shown in
Fig. 6.1c.









Figure 6.1: Modeling of CSQ as a RyR2-modulator. a)
Diagram of four state model of the RyR2 with CSQ modulation on
the red rates: kco and ki2i1. b) Dependence of k∗a and k∗b on the
unbound CSQ concentration q. c) Spatial distribution of BSQ(r)
for the no AF conditions. The colorbar is in µM.
6.1.2 Results
The influence of CSQ on the spark features has been evaluated assuming the de-
scription presented in the previous section. Thus, several spark properties have
been recorded and are shown in Fig. 6.2. We have measured the full duration at
half maximum (FDHM), the full width at half maximum (FWHM), the time to
peak measured as the time between the first opened RyR2 and the time when the
calcium peak is reached and the amplitude relative to the baseline. These proper-
ties do not show strong differences. Simulations suggest that the calcium sparks
produced in both normal and AF conditions in terms of the CSQ concentration do
not change despite minor differences.
However, the heterogeneous distribution of CSQ through the cell leads to a non-
uniform spatial distribution of sparks. Thus, since the amount of CSQ decreases
with the distance to the membrane, a high density of sparks is present in the
interior of cell. To address this issue, I have calculated the spark frequency through
concentric rings of 1 µm (Fig. 6.3). The spark distribution has a peak in the outer
ring close to the membrane due to geometric effects, since the density of CaRUs on
the cell membrane is twice the density on the rest of cell. The lack of CSQ in the















































Figure 6.2: Spark properties for no AF and AF conditions
due to the lack of calsequestrin. The effect of CSQ has been
characterized in terms of the FWHM, amplitude, FDHM and time
to peak for both cell conditions.
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Figure 6.3: Spark frequency as function of the distance to
membrane. The spark frequency has been normalized with the
area of the corresponding layer.
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6.2 Phosphorylation
Phosphorylation of RyR2 consists in the binding of many proteins to the different
phosphorylation sites [264, 103]. These proteins, such as kinases and phosphatases,
phosphorylate and dephosphorylate the RyR2s increasing and decreasing the open
probability, respectively. The rate of phosphorylation of these sites depends on a
dynamic balance between multiple protein kinases [105], allowing precise control of
the channels activity [294]. Alterations in RyR2 phosphorylation play a critical role
in many cardiac diseases, including HF as well as atrial and ventricular arrhythmias
[171]. It is likely that phosphorylation, together with a reduction of SERCA and
enhancement of NCX, contributes to the depletion of SR Ca2+ content in HF [182].
Moreover, RyR2 phosphorylation has been related to many CVDs. For instance,
the development of diastolic Ca2+ leak has been suggested to be due to increased
phosphorylation of the RyR2 [185].
The RyR2 complex has several sites where proteins can attach producing a
modification of the structure and the functionality. The most studied regulatory
proteins are Calmodulin protein kinase II (CaMKII) and Serine (S2808). Both
have been suggested to be leading agents that promote RyR2 phosphorylation [185,
145, 183]. They have been shown to be important regulators that modify SR
Ca2+ release. When over-expressed in diseased hearts, these proteins may cause
an increase of RyR2 open probability, causing an excessive diastolic Ca2+ leak.
This sudden increase in SR Ca2+ release activates the NCX current, which can
cause DADs and, in turn, trigger lethal ventricular arrhythmias. HF, a frequent
cause of AF, induces SR Ca2+ overload and DADs [306]. RyR2 over-activity has
been also measured in AF, both in human and dog myocytes [182, 291]. The main
protein that has been related to the RyR2 remodeling during AF is S2808. In
recent studies, phosphorylation has been measured to be heterogeneous through
the cell, decreasing with the distance to the membrane [268]. This behavior is 1.75-
fold increased throughout the cell in myocytes with AF with respect to myocytes
without AF.
Modeling analysis also support the idea that CaMKII enhances the phosphory-
lation of RyR2s, increasing the sensitivity of release to Ca2+ and thus increasing
RyR2 open probability [237].
6.2.1 Methods
The RyR2 phosphorylation is modeled as a multiplicative factor (α) that increases
the open rate (kco). We have defined the RyR2 phosphorylation (P ) following [268].
The value of P changes linearly across the cell with a different range of values for
cells with and without AF. For cells with no AF it varies between 0.7 and 0.85, and
for cells with AF it varies between 0.9 and 1.2. The multiplicative factor (α) of the
kco is defined as
α(P ) = 1 + 15
P 12
P 12 + 1.112
. (6.5)
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This function is plotted in Fig. 6.4a, where the variability of α changes its order
of magnitude for cells with AF while it is almost constant for the no AF condition.
The dependence of α has been adjusted to fit with the experimental findings of






1 + (ci/c∗i )
3 = α(P )ka
c3i
1 + (ci/c∗i )
3 . (6.6)
a) b)
Figure 6.4: Modeling of phosphorylation as a RyR2-
modulator. a) Plot of α(P ) following Eq. 6.5. The variability
ranges of P and α are shown for simulated cells with and without
AF. b) Spatial distribution of the RyR2-phosphorylation factor α(r)
for no AF (gray) and AF (blue).
6.2.2 Results
The over-expression of the RyR2-phosphorylation produces larger calcium sparks.
This effect is seen in Fig. 6.5, where the mean value of the main spark properties
are plotted. RyR2-phosphorylation produces larger sparks in terms of FWHM and
amplitude.
Moreover, the heterogeneous distribution of RyR2-phosphorylation produces an
heterogeneous distribution of sparks. In particular, the number of events decreases
with the distance to the cell membrane. This result is shown in Fig. 6.6, where we
can see that close to the membrane the number of events is much higher due to the
geometrical distribution of RyR2s at that zone. It is important to note that the
RyR2-phosphorylation increases the absolute spark frequency by a factor 4.













































Figure 6.5: Spark properties for no AF and AF condi-
tions due to RyR2-phosphorylation. The effect of the RyR2-
phosphorylation has been characterized in terms of the FWHM,
amplitude, FDHM and time to peak for both cell conditions.
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Figure 6.6: Spark frequency as function of the distance to
membrane. The spark frequency has been normalized with the
area of the corresponding layer.
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6.3 Effects of pathological conditions during AF
It has been observed that, in cells with AF, both effects (reduction of CSQ and
increment of RyR2-phosphorylation) are present. In sections 6.1 and 6.2, the partial
results of each of these modulations have been presented in order to explain the
methodology employed and quantify their contribution to the spark characteristics.
Now, the chapter is concluded with the combination of both effects and a more
detailed analysis of the results.
The pathological conditions in AF produces a 10-fold increase in the spark
frequency as have been observed in [268]. In AF conditions, due to the higher
sensitivity of the RyR2s, the number of opened RyR2s per event also increases.
This result is shown in Fig. 6.7. As we can see, while in the case with no AF
conditions, the maximum number of opened RyR2s is 15, in the case with AF
conditions it is 55 and the total number of events is also larger in cells with AF.
Moreover, the decay of the events with number of RyR2s is exponential on both
conditions although slower in AF conditions.
Figure 6.7: Number of sparks as function of the opened
RyR2s. Distribution of events as function of the number of opened
RyR2s. Inner figure: spark frequency in s−1.
Thus, the increase in the RyR2 sensitivity due to the lack of CSQ and the RyR2-
phosphorylation produces larger events in terms of activated RyR2s. This issue is
translated in the spark properties, where the calcium sparks in AF conditions are
larger in terms of amplitude, duration and spatial size (see Fig. 6.8), a issue already
observed experimentally [158].












































Figure 6.8: Spark properties for no AF and AF conditions.
FWHM, amplitude, FDHM and time to peak for both cell condi-
tions.
To go deeper into the effect of opened RyR2s, in Fig. 6.9 I show the same spark
properties as before classifying the events in terms of the number of opened RyR2s.
A strong correlation is observed between FWHM, amplitude and FDHM with the
number of RyR2s, while the time to peak does not show relevant changes.
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Figure 6.9: Correlation between the spark properties and
the RyR2s. Spark characteristics as function of the opened RyR2s.
The same color code is used as in previous figures: no AF (gray)
and AF (blue). Due to the lack of statistics, the events with more
than 26 RyR2s have been discarded.
Finally, the spatial heterogeneity produced by CSQ and RyR2-phosphorylation
is translated to the spark distribution. While CSQ promotes the appearance of cal-
cium sparks in the center of the cell (see Fig. 6.3), RyR2-phosphorylation produces
a higher activity of the peripheral RyR2. Experimentally, it has been shown that
these two effects compete and the latter prevails leading to a spark distribution
with more events at the cell membrane [268]. The incorporation of these RyR2-
modulators to the model produces an heterogeneous distribution that follows the
same trend observed experimentally for both conditions, as it can be seen in Fig.
6.10. However, simulations show a prominent peak near the membrane for both
conditions due to the 2-fold increase in the CaRU density at subsarcolemmal. Al-
though this structural property is well-known experimentally, it is unclear if those
clusters in the periphery have the same morphology that the ones in the center of
the cell, in terms of the number of RyR2s. Recent studies suggest that the CaRUs
in the membrane contain fewer RyR2s [239], which may explain this discrepancy in
the spark frequency close to the membrane.
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Figure 6.10: Spatial distribution of sparks for no AF and
AF conditions. Concentric rings of 1µm width have been consid-
ered.
6.3.1 Discussion
AF has been associated with many structural and biochemical changes at the single
cell level [115, 285, 291]. Spontaneous Ca2+ release due to RyR2 dysfunctions is
the almost an ever-present finding [115, 290, 306] which, in turn, may promote
the appearance of DADs [291, 290, 306]. Moreover, other CVD are also related
to SR calcium overload. For instance, HF promotes the SR Ca2+ leak leading to
an increase in Ca2+ spark frequency and, in advanced stages, the emergence of
waves, serving as the molecular trigger for arrhythmia [295]. In this chapter, two
fundamental mechanisms have been studied by means of the subcellular model.
Calsequestrin as a RyR2 modulator. The dynamics of CSQ has been recog-
nized as a fundamental key to understand the calcium handling in the cell [99, 143,
252]. CSQ plays two relevant roles in calcium handling. It is not just a calcium
store in the SR, but it also modifies the open probability of the RyR2 channels
[15, 14, 16]. The lack of CSQ enhances the RyR2 opening promoting premature
SR Ca2+ and, eventually, the appearance of macro-events. Moreover, the lack of
CSQ has been related not only to AF, but also to HF (overview in [25]). In this
chapter, the effect of CSQ in terms of the calcium sparks has been characterized.
The influence of CSQ on the RyR2 rates has been modeled considering that the
amount of free calsequestrin (q) modifies the open rate of the RyR2 Markov model.
A decrease on q will increase the open rate (kco). The redefinition of this rate has
been done following previous works [153]. Moreover, we have considered an hetero-
geneous distribution of the total amount of CSQ (BCSQ), which linearly decreases
between the cell membrane and the cell center.
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Calcium sparks due to the modulation of CSQ do not show relevant differences
in their properties. The lack of CSQ produces a higher spark frequency and, in both
conditions, the spark frequency increases with the distance to the cell membrane.
Simulations suggest that this heterogeneity on BCSQ produces a nonuniform spark
distribution through the cell where more sparks in the center of the cell than in the
periphery are present (see Fig. 6.3).
An over-expression of the RyR2-phosphorylation. The rate of phosphory-
lation plays a crucial role in many cardiac diseases [171]. It has been associated
with HF and AF [182], among other CVDs. In this chapter, the effect of RyR2-
phosphorylation has been modeled empirically by means of a sigmoid function that
depends on the rate of phosphorylation (α(P )) and that has been adjusted to fit
with experiments. This function α(P ) multiplies the open probability of the RyR2s
producing and heterogeneous distribution of RyR2- phosphorylation across the cell
(see Fig. 6.4b).
Due to the increment on the open probability, the calcium sparks are larger in
time and space, where an increment of 30% on FWHM and amplitude is observed in
Fig. 6.5. Moreover, this modulator produces nonuniform distribution sparks with
a high frequency near the membrane.
Pathological conditions during AF. The real situation in fibrillated atrial
cells is produced by a combination of the two effects reported in this chapter.
Both modulators produce an over-activity of the RyR2s, which is modeled with
an increase of the open rate probability. However, the spatial distribution of the
sparks in terms of the distance to the membrane goes in opposite directions. While
the lack of CSQ enhances the appearance of sparks in the center of the cell, the
RyR2-phosphorylation promotes the calcium events close to the cell membrane.
During AF conditions, the latter modulator is dominant producing a nonuniform
distribution of sparks with a higher density of them close to the cell membrane, as it
is shown in Fig. 6.10. The high frequency of sparks near the cell membrane would
induce DADs and even arrythmias in advanced stages of AF. The simulation of
atrial cells during pathological conditions produces larger sparks in terms of spatial
size and temporal duration (see Fig. 6.8). Finally, due to the fine discretization of
the model, the correlation between the spark properties and the number of opened





Note: the results obtained in this section have been presented in [181] and the text
has been extracted from the aforementioned paper.
In ventricular cells, the cell membrane has prominent penetrations into the
cytosolic space called transversal tubules (t-tubules). The presence of t-tubules
implies, directly, a presence of L-type calcium channels (LCCs) in the internal
space of the cell and, thus, a simultaneous calcium release when whole cell electrical
activation takes place.
The role and presence of t-tubules in atrial myocytes is still not completely un-
derstood. Originally, t-tubules were assumed to be a property of ventricular cells,
with a very minor presence in atrial myocytes. For instance, confocal microscopy
in cat atrial myocytes revealed non-homogeneous spatial calcium profiles caused by
the absence of t-tubules [117]. T-tubules were also assumed to be absent in rat atrial
myocytes [109], although, nowadays, it has been proven that they present a minor
lattice of transversal and axial tubules (TATS) [141]. These TATS are the leading
structure that determines the calcium transients. In particular, calcium transients
are activated through subsarcolemmal CaRUs, leading initially to peripheral ele-
vation of Ca2+, which travels through the center of the cell within approximately
100 ms [33]. In these experiments it was observed that spontaneous Ca2+ sparks
do not appear uniformly in the cell, but they occur around the RyR2s close to
the membrane. In addition, it was shown that TATS are more relevant in the left
atrium, generating higher pressures than in the right atrium. Lately, important
improvements in the techniques to analyze t-tubules have been developed [97, 208],
allowing a better determination of the tubular structure.
Although both ventricular and atrial mycoytes may present t-tubules, compar-
ison between them [244] suggests strong differences. In the former, the presence of
a highly ordered t-tubule lattice enhances the whole synchronization. In the latter,
it is suggested that some myocytes have membrane intubation which accelerate the
centripetal wave propagation. Moreover, depending on the mammal, the density of
t-tubules varies. In general, the larger the mammal is, the more t-tubules it has
[244]. In this respect, it has been shown the prominent presence of t-tubules in
cow, horse and sheep, as well as in human cells [220]. For instance, sheep atrial my-
ocytes posses an extensive t-tubule network that synchronizes the Ca2+ profile [62],
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showing a small the peak to peak time delay between the membrane and interior.
There exist also differences between right and left atrial myocytes. For example,
[9] observed that, in the case of dogs, t-tutubles are more prominent in the left
atria than in the right atria. There is also present an inter-cellular variability in the
amount of t-tubules from single subjects, probably related to the functional roles of
different cell populations [83]. Besides the density of t-tubules, the conformation of
these intubations changes during depolarization to produce the heart contraction,
with an increase in both volume and length of t-tubules during contraction [186].
In addition, it has been showed that the t-tubule density and structure change
during atrial fibrillation (AF) and heart failure (HF). During HF the number of
t-tubules is highly reduced. T-tubule remodeling leads the transition between hy-
pertrophy and HF [296]. Differential t-tubule remodeling processes were observed
between left ventricle and right ventricle myocytes. Persistent AF has also been re-
lated to structural remodeling: uncoupling between t-tubules and RyR2s channels,
changes in the extracellular matrix [154]. Recent studies highlight a possible role for
t-tubule remodeling (disorganization) in desynchronization of SR Ca2+ release sites
in HF [162, 168]. In particular, submicron changes are induced due to the transition
to HF: [92] proposed that the gap between LCCs and faced RyR2s enlarges during
remodeling (resulting in "orphaned" RyR2s [253]). This has been supported by
[187], who observe that Ca2+ sparks are not uniformly distributed within HF cells
and disappear from areas devoid of t-tubules, leading to a loss of local control and
Ca2+ instability in HF. T-tubules also affect the current carried by the NCX, which
is activated by the release from the RyR2s, mostly placed on the t-tubules [274].
T-tubules also modulate the activity of NCX since it is mediated by the RyR2s
which are preferentially placed on the t-tubules [274]. Also sparks are likely to take
place near the t-tubules since RyR2s are placed near them. Modeling studies have
shown a relation between the density and spatial organization of t-tubules and the
occurrence of alternans and triggered activity [199, 254, 52].
To simulate the effect of TATS we include points in the interior of the cell
that present both the NaCa exchanger pump and LCC channels. For t-tubules, we
consider intubulations of a given length, where we assume that this length (inward





where µ is the mean penetration length of the t-tubules. To generate a random
configuration, we follow three steps: 1) pick an exponential random number: Pµ,
2) scale this value with the spatial length: Lµ = LyPµ. This random number Lµ is
the inward penetration for the first t-tubule. 3) Repeat the process for all t-tubules.
These steps are summarized in Fig. 7.1A.








Figure 7.1: Characteristics of the t-tubule network. A:
Schematics of the protocol used for the creation of the t-tubular
network in the model. B: Fractional area occupied by the LCCs as
a function of µ. For each value of µ ten different configurations of
the t-tubular network have been averaged. The dashed line is the
linear function 2µ/Ly. C: Cumulative number of pixels at a distance
from any membrane smaller than a given one, showing contributions
of t-tubule and surface membrane. i) Figure extracted from [62]. ii)
Result from the current model for F.A. = 0.466. iii) Figure extracted
from [62] corresponding to an atrial cell with HF (loss of t-tubules).
iv) Result from the current model for F.A. = 0.033.
Moreover, we have investigated the axial tubules contribution to the calcium
handling. In a similar fashion to the transversal tubules case, we have simulated
the existence of these axial tubules by including longitudinal chains that present
the NaCa exchanger pump and LCC channels. We assume that the axial tubules
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length follows a Gaussian distribution, with average length of 1.7µm and standard
deviation of 1µm.
7.1 Analysis
Once the t-tubule distribution is set, the internal space of the cell is partially oc-
cupied by the LCCs of the t-tubules and associated NCX pump. We can calculate
the fractional area (F.A.) occupied by the t-tubules in comparison with the case of
fully occupation, i.e., the t-tubules cross through all the transversal section of the
cell. To analyze the dependence of the F.A. with µ we have simulated ten random
configurations for the same value of µ following the probability distribution of Eq.
(7.1). The mean F.A. is shown in 7.1B. For low values of µ the relation between
the F.A. and µ follows the theoretical straight dashed line 2µ/Ly. As µ increases,
the length of the t-tubules could be greater than Ly/2, producing a possible overlap
between opposite t-tubules. To avoid this situation, the algorithm limits the length
of the t-tubules to Ly/2. For that reason, the mean F.A. is smaller than 2µ/Ly
for large values of µ. In the following, we will use F.A. as a measure of t-tubules
penetration.
A common measure of t-tubule density is given by how close a given point in the
cell is to the nearest t-tubule compared with the cell membrane [62, 220, 61, 84].
This calculation provides us with a quantitative idea of the importance of t-tubules.
As an example, we show in Fig. 7.1C data in a control case with the presence of
t-tubules (i), and the corresponding data for a cell with a decreased t-tubule density,
as for instance, in HF (ii). One can compare those figures with the experimental
ones obtained, for instance, in [62], where Fig. 7.1Ci would correspond to the t-
tubular network of a sheep ventricular myocyte (Fig. 3B in [62]), and Fig. 7.1Cii to
that of a sheep atrial myocyte in an animal presenting heart failure (Fig. 6B in [62]).
The corresponding values of the F.A. (F.A.= 0.466 and F.A. = 0.033, respectively)
would be consistent with values measured experimentally, of ∼ 0.3 for ventricular
myocytes and up to ∼ 0.1 for sheep atrial myocytes [37]. Typical branch length
in atrial myocytes varies from 1.5-2µm in small mammals (rat, mouse, rabbit) to
∼ 2µm in humans [32]. In our model this again would correspond to a F.A. of about
0.1-0.2 (Fig. 7.1), that we can take as our typical value for an atrial myocyte.
7.2 Results
7.2.1 Calcium transients
We first start analyzing properties of the global Ca2+ transient. As expected, the
average value of the Ca2+ concentration is very dependent on the amount of t-
tubules (Fig. 7.2). Besides, we observe that, for a given penetration length µ, the
cytosolic Ca2+ peak depends on the specific realization considered (see gray area
in Fig. 7.2A). This effect is more visible in the case of a larger t-tubule density. In
order to quantify this behavior, we have averaged both peak and diastolic cytosolic
7.2. Results 83
calcium values for ten configurations with the same value of µ but different values
of the F.A. The equivalent calculation has also been done for the SR content. The
results are shown in Figs. 7.2B (i and ii). In the cytosol (Fig. 7.2Bi) the diastolic
value does not depend on the F.A. However, the peak value highly increases with the
amount of t-tubules, with a more than 2-fold increase. A similar trend is observed
in the case of the SR content (Fig. 7.2Bii), where the minimum value decreases
with the F.A., while the diastolic value remains almost constant. Thus, the increase
in fractional release is not related to a higher SR load. We will later study in more
detail this effect.
84 Chapter 7. Detubulation
A i ii
B i ii
Figure 7.2: Ca2+ transient characteristics as a function of
F.A.. A: Mean value of calcium concentration (i) in the cytosol and
(ii) in the SR, for two different values of the F.A. The dispersion is
calculated with ten different configurations of the t-tubular network.
B: calcium peak and baseline as function of the F.A. in the cytosol
(i) and the SR (ii). Each point represents the mean value over the
last 24 beats and one configuration of the t-tubular network. Points
with the same color come from the same value of µ, the parameter
in the length distribution of t-tubules. The solid line is an eye guide
to follow the behavior. In all the figures the pacing period is 800
ms.
The disruption of the t-tubular system may have a considerable impact in the
regulation of atrial contraction [62]. It is, for instance, possible that the cell has a
different response to fast pacing frequencies. In Fig. 7.3 (top) we show the calcium
peak and SR load dependence with the pacing period for the cases of a small
and large t-tubule density. In both cases, the diastolic value of SR load and the
cytosolic Ca2+ peak increase slightly first with pacing frequency, and then decrease
at frequencies larger than about 2Hz. There is also a continuous decrease of the
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release flux with frequency, that becomes more abrupt at larger frequencies, and
it is probably due to refractoriness of release [242, 5]. Both the release flux and
the calcium influx through the LCC is smaller in the case of disrupted t-tubules,
although the decrease in the former is not as pronounced as in the latter, due to a
larger EC gain in detubulated cells, thus partly avoiding the effects of the reduced
calcium influx. From this, it arises the idea that the dynamics is robust enough to
maintain always physiological values.
Figure 7.3: Dependence on the pacing period. Top: calcium
peak for different values of the pacing period (Ts) for two scenarios:
the loss of t-tubules due to HF (green) and the control situation
with t-tubules (red). Bottom: average Ca2+ release and influx (in
µM), obtained integrating the fluxes Jrel and JCaL over a period
and averaging over 20 stimulations (same color coding).
Often, t-tubule disruption is accompanied by a decrease in SERCA strength,
as, for instance, during HF [79, 87]. We have checked the effect of this dysfunction
by modifying two parameters of the SERCA pump: the strength of SERCA, gup,
has been decreased 30%, while its cytosolic calcium dissociation constant, Ki, has
been increased by 30%.
This results in a slower SERCA, with lower affinity for cytosolic calcium, pro-
ducing a reduction of about a 17-18% in the calcium transient and SR Ca2+ load
(Fig. 7.4), in the case of tubulated cells (F.A.=0.466), and a slightly lower re-
duction of a 9-13% for detubulated cells (F.A.=0.033). As also happened in the
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control case (see Fig. 7.2), for the modified SERCA function, SR Ca2+ load does
not change much with the amount of t-tubules, while both the fractional release
and the amplitude of the calcium transient are reduced in about a factor 2 when
the fractional area is reduced from F.A=0.466 to F.A.=0.033.
A CB
Figure 7.4: Effect of a dysfunctional SERCA pump. Values
of A: cytosolic Ca2+ peak; B: SR Ca2+ load; C: SR fractional release,
for the control case and reduced activity of SERCA. The pacing
period is 800 ms.
7.2.2 Inward propagation
The presence of t-tubules in atrial cells enhances the homogenization of calcium
profiles, i.e. the synchronization between the center of the cell and peripheral region.
Inward calcium propagation is highly dependent on the t-tubules distribution. This
can be observed plotting the averaged calcium content in two regions: close to the
membrane (red line in Fig. 7.5) and in the central region (black line in Fig. 7.5).





where c(x, y) is the calcium concentration at (x, y). For low values of F.A. the
peak in the center is practically nonexistent (Fig. 7.5Bi). This contrasts with the
prominent peak in the internal region for high values of F.A. This increment on the
calcium content in the cytosol is produced by the increase of the fractional release in
the SR, as we have already pointed in Fig. 7.2D. Thus, there is a strong correlation
between the t-tubular geometry (shown in Fig. 7.5C) and the calcium dynamics.
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Figure 7.5: Spatial Ca2+ profiles. A: line scans averaged over
the longitudinal direction for three values of the F.A. The color
bar corresponds to calcium concentration in µM. B: mean value
of calcium close to the membrane (red) and in the center of the
cell (black). C: the three t-tubular network configurations. Pacing
period of 800 ms.
Related to this, we have calculated the cytosolic calcium peak (Fig. 7.6Ai)
and SR fractional release (Fig. 7.6Aii) close to the membrane and in the central
region for several values of the F.A. Figs. 7.6A show that full inward propagation is
only achieved for the highest value of the F.A. In addition, we show the delay time
between subsarcolemmal and internal peaks in Fig. 7.6B. For low values of the F.A.,
the central peak is small and, in many cases, almost nonexistent, so that the delay
time, if present, is high. As the F.A. increases both peaks become more synchronized
meaning that the internal space is triggered simultaneously with the submembrane.
This synchronization is also observed in the ratio between subsarcolemmal and
central peaks. Fig. 7.6C shows that for low values of the F.A., this ratio tends to
zero, given that the peak in the internal region tends to vanish. On the other limit,
for high values of the F.A., both peaks become synchronized and this ratio tends
to 1.
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Figure 7.6: Inhomogeneity in release as a function of t-
tubule density. Ai: cytosolic calcium peak close to the membrane
and in the center of the cell as function of the F.A. Aii: fractional
release from the SR close to the membrane and in the center as
function of the F.A. B: delay time between peripheral and central
regions as function of the F.A. C: Peak ratio between peripheral and
central region (Ca2+ct /Ca2+ss ) as function of the F.A. Pacing period
of 800 ms.
Effect of axial tubules in calcium propagation
To study how dependent calcium inward propagation is on the amount, not only
of t-tubules, but also of axial tubules, we have redone some of the simulations,
including a varying density of axial tubules. In Fig. 7.7 we show the results, for
a given value of the F.A. of t-tubules that in the absence of axial tubules results
in failure of inward propagation. We observe that, increasing the density of axial
tubules, a peak in cytoslic calcium in the central region is obtained, with a delay
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with respect to the peak at the subsarcolemmal region. In the linescans, this results
in a V shape, that has been often described experimentally [61] (Fig. 7.7).
A i ii iii
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C i ii iii
Figure 7.7: Effect of axial tubules. Calcium traces as a func-
tion of axial tubule density dT , defined as the ratio of axial tubules
total length and cell surface. A: line scans averaged over the longitu-
dinal direction for three values of dT = 0.01, 0.03, and 0.05 µm/µm2,
for a fractional area of t-tubules of F.A.=0.16. The colorbar corre-
sponds to calcium concentration in µM. B: mean value of calcium
close to the membrane (red) and in the center of the cell (black).
C: the three tubular network configurations. Pacing period of 800
ms.
7.2.3 Local dynamics
In the previous sections we have observed that, as the amount of t-tubules decreases,
there is a delay between the rise of calcium close to the membrane and in the interior
of the cell. This spatial desynchronization can be studied in more detail computing
the release characteristics of individual RyR2s in the cell. In this analysis, we have
recorded the open time for all the RyR2s during 19 beats and different values of
the F.A.
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The time to release (ttr) is defined as the time passed between the beginning of
the stimulation and the first release of a RyR2. This time depends on many factors:
diffusion coefficient, SR load, opening rate in the RyR2 stochastic model, etc. In
particular, simulations show that ttr heavily depends on the t-tubule density. In
Fig. 7.8Ai the probability distribution of ttr is shown for different values of the F.A.
The bigger the F.A., the higher and narrower the peak becomes. Also the mean
value of ttr decreases with the F.A. (Fig. 7.8Aii). Once a given RyR2 has opened,
it typically does not open again during the same stimulation, i.e, the number of
times each individual RyR2 opens (Fig. 7.8Biii) is approximately always one and
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Figure 7.8: Statistical measures of RyR2 activity. A: time to
release distribution (i), average time to release (ii) and dyssynchrony
index (iii) as function of the F.A. B: Dependence on the F.A. of (i)
fraction of RyR2 that open, (ii) fraction of CaRU with at least one
RyR2 that opens and (iii) average number of times a given RyR2
opens in a given beat. Pacing period of 800 ms.
An usual characterization of RyR2 release synchronization is obtained with the
Dyssynchrony Index (DI), defined as the standard deviation of the ttr distribution.
This clearly shows that an increase of t-tubule density enhances RyR2s synchro-
nization (Fig. 7.8Aiii). It is not just that RyR2 release is more synchronized, but,
as the t-tubule density increases, the ratio of RyR2s that open also increases. We
have defined the opening probability (Po) of the RyR2s as the number of RyR2s
that have opened at least once (NRyR(O ≥ 1)) in a given beat, divided by the total
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number of RyR2s NRyR. It increases almost linearly with t-tubule density, up to
a point where it saturates. Interestingly, if we compute, not the individual RyR2s,
but the fraction of CaRUs where, at least one RyR2 opens, we see that it reaches
almost the value one, for a F.A. of 0.5. Thus, at this point, all CaRUs fire, some by
direct stimulation from the LCCs at the t-tubules, others, due to recruitment from
adjacent CaRUs.
7.3 Discussion
The TAT network has long been recognized as an essential ingredient to ensure
excitation-contraction coupling and subcellular synchronized Ca2+ release. Con-
trary to ventricular cells, that present a well organized t-tubular network, the
amount of t-tubules in atrial cells depends on the animal species [220, 244] and
within a given species, on the location of the cell in the atria [83, 9]. When present,
t-tubules help to synchronize the rise of the systolic Ca2+ transient also in atrial
cells [62, 154]. Probably linked to this, the central calcium transient has been found
of similar amplitude than the initial subsarcolemmal transient in some species [117],
while in others it is significantly reduced [169]. T-tubules are often disrupted in
diseased conditions, such as heart failure in the ventricles [98, 168, 253, 296] or
atrial fibrillation [154]. In both cases, the loss of t-tubule structure results in a
decreased calcium transient and loss of synchrony in release.
Previous modeling studies have addressed the relation between t-tubule density
and spatial organization, and the appearance of alternans and triggered arrhyth-
mias. Song et al [254], in a model of a ventricular myocyte, found that alternans
were promoted at intermediate values of the t-tubule density, when the fraction of
orphaned RyR2s was in an intermediate range. In this regime, the LCC clusters
and NCX are properly matched so that the CaRUs can be sufficiently synchronized
by the LCC clusters and spontaneous Ca2+ releases are not suppressed by NCX,
potentiating triggered arrhythmias. T-tubule disruption was also found to give rise
to a steeper SR Ca release-load relationship, predisposing for the appearance of
alternans. For atrial myocytes, on the contrary, Colman et al [52] found that alter-
nans appeared at low values of t-tubule density, since this resulted in alternating
behavior of success and failure of inward calcium wave propagation. Spontaneous
Ca2+ waves originate from regions with no T-tubules, probably because the lack of
NCX allows a local spontaneous release to trigger neighboring RyR2 clusters.
In this chapter we have studied the effect of modifying the amount of t-tubules
in a subcellular model of a cardiac cell. The t-tubular structure is reproduced
considering transverse t-tubules of variable penetration length, taken from an ex-
ponential distribution (Fig. 7.1A), that results in a given t-tubular structure. We
have then considered averages over different realizations with the same mean pen-
etration length. Since different realizations could give rise to a different value of
the F.A. occupied by t-tubules, we found more useful to use this last variable to
characterize the t-tubular network. Interestingly, the network so constructed gives
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a good agreement with statistical measures of distances to the membrane, obtained
experimentally [62, 220, 61].
Detubulation reduces the Ca2+ transient but does not affect SR load In
detubulated ventricular cells, the amplitude of the systolic Ca2+ transient and its
rate of rise have been observed to be reduced [34, 136], while the rate of decay
remains largely unchanged. This is consistent with our results (Fig. 7.2), where
the calcium transient increases almost three-fold from purely detubulated cells to
cells with a dense t-tubular network. The SR Ca2+ load, however, remains almost
constant. This agrees with results obtained in detubulated myocytes [136], as well
as in during AF, where a decrease in release was observed despite similar SR content
[154].
In our simulations, a reduction in the length of t-tubules results in an effective
reduction of ICaL and NCX currents (Fig. 7.3). However, both are modified equally
so, if they are in equilibrium for a cell with a dense t-tubular network, they are
expected to be in equilibrium in a detubulated cell. In terms of Ca2+ homeostasis,
this means that one expects diastolic values of cytosolic and SR Ca2+ to remain
almost unchanged. One would expect a similar results if in a tubulated cell one
decreases the strength of both ICaL and NCX. This analogy is true except for
spatial effects, that may become important at fast pacing rates, where diffusion is
not fast enough to equilibrate concentrations, and diastolic values in both cases
start to diverge (Fig. 7.3).
Detubulation and SERCA dysfunction impair release in different man-
ners In HF, a reduction in the t-tubular network is accompanied by a decrease in
SERCA functionality [79, 87]. Although both result in decreased Ca2+ transients
(Fig. 7.4), their effect is very different. Detubulation reduces release by reducing
the amount of CaRUs that fire (Fig. 7.6), thus modifying systolic values of Ca2+
(cytosolic Ca2+ peak, SR fractional release), but with little effect on diastolic val-
ues. It thus directly affects SR release. A reduction in SERCA, on the other hand,
results in a change in diastolic Ca2+ levels, i.e., a reduction of SR Ca2+ load, that
produces a reduction of SR release.
Detubulation produces desynchronization in release Contrary to normal
ventricular cells, in atrial and ventricular detubulated cells, a delay is observed
between the Ca2+ rise close to the membrane and at the cell center [83, 244, 117,
157, 35]. In line scans, this gives rise to a specific U-shaped pattern [83, 244, 35].
This effect is clearly observed in the simulations as the t-tubular F.A. is varied
(Fig. 7.4). When the F.A. is reduced, the amplitude of the interior Ca2+ transient
is much reduced with respect to that close to the cell membrane (Fig. 7.5), while
the time delay between both peaks increases.
This dyssynchrony in release can be observed in the statistics of release events
at individual RyR2s (Fig. 7.6). A computation of the time at which each individual
RyR2 opens for the first time shows that RyR2s start to open upon the entrance of
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Ca2+ into the cell, with a mean time to release that increases in detubulated cells.
In this case, the distribution is also broader, as orphaned RyR2s start to open.
Defining a dyssynchrony index as the standard deviation of that distribution, one
can observe that it increases in detubulated cells. This had already been shown in
a computational study [206], using a simpler model for release that accounted for
CaRU recruitment, but with instantaneous opening of a fraction of the RyR2s.
Interestingly, the number of CaRUs that open at least once increases with F.A.
in an almost linear fashion (Fig. 7.6), but is always larger than the fractional area,
meaning that many orphaned RyR2s open. Even in the total absence of t-tubules,
about half of the CaRUs open (Fig. 7.6).
Axial tubules enhance inward calcium propagation Besides transverse tubules,
axial tubules have been observed in several animal species [33, 32] and, in fact, in
some species they can represent the main component of the TAT network [32]. We
find that axial tubules have a profound impact for centripetal wave propagation. In
situations where the t-tubular network alone does not produce inward propagation
in our simulations, a small amount of axial tubules is enough to produce release in
the central region (Fig. 7.7). In the absence of axial tubules, for a typical F.A.=0.1-
0.2 of an atrial myocyte our results do not show inward propagation, less alone if it
is detubulated, contrary to some experimental observations [34, 30], where detubu-
lation results in a smaller global transient and a delay between the subsarcolemmal
and central calcium peaks, but with still an appreciable central calcium transient.
This would agree with the presence of axial t-tubules, that reproduce the typical V
shape in the linescans obtained in experiments. Interestingly, the density of axial
tubules measured in experiments [32] (dT ∼ 0.04 − 0.08µm/µm2, for small mam-
mals) agrees well with our results that show that the central peak is recovered for
that density of axial tubules (Fig. 7.7).
Orphaned RyR2s increase LCC-release gain in detubulated cells In de-
tubulated cells there is a decrease in calcium entrance through the LCC. This is
partly compensated by an increase in the excitation contraction (ECC) gain func-
tion, measured as ∆[Ca2+]rel/∆[Ca2+]influx, i.e., total calcium released from the
SR compared to total Ca2+ entry through the LCC channels (Fig. 7.3). So de-
tubulation results in a reduction of the SR release and cytosolic transient in a less
pronounced manner than that of LCC total current. The reason is linked to recruit-
ment of orphaned RyR2s, so the increase in cytosolic Ca2+ due to the opening of
CaRUs where LCCs are present produces secondary openings of orphaned RyR2s.
Thus, release in this case is a mixture of coupled and propagated Ca2+ release.
This may serve as an adaptive mechanism when t-tubule remodeling occurs [106].
However, it seems to be in contradiction to what has been observed in cardiomy-
ocytes in post myocardial infarction (PMI) animals [93], suggesting that probably
other mechanisms beyond detubulation are in play during PMI, i.e., a mismatch or
an increased gap between LCCs and RyR2s.
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Above a certain value of the t-tubular density, complete coupling is ob-
tained The different measures of the Ca2+ transient (Ca2+ release and peak sys-
tolic Ca2+, ratio of peripheral to interior Ca2+ peak, etc) saturate above a certain
density of t-tubules. So, for a F.A. above 50%, the addition of t-tubules does not
have any effect on the transients. As we already discussed, this is due to the re-
cruitment of orphaned RyR2, so, for F.A. above around 50%, all CaRUs open (Fig.
7.6B). Interestingly, a value of F.A. close to 50% was measured experimentally in





Note: the results obtained in this section have been presented in [179] and the text
has been extracted from the aforementioned paper.
Calcium oscillations and waves are often behind instances of extradepolariza-
tions in cardiac cells, eventually giving rise to life-threatening arrhythmias. Often,
mortality is related to the appearance of rapid cardiac rhythms, such as tachy-
cardia and fibrillation, that result in contractability loss, reducing cardiac output
and eventually leading to sudden cardiac death [116]. Although the onset of rapid
arrhythmias can be due to a large variety of factors [216], including changes in
the properties of cardiac tissue [4], often arrhythmias are triggered by spontaneous
intracellular calcium releases [255, 50]. In cardiac cells, calcium is responsible for
regulating cell contraction, but it also modulates several currents that affect the
action potential. Thus, spontaneous calcium release in the interbeat interval, dur-
ing diastole, may elicit extra action potential depolarizations and excitation waves,
potentially disrupting normal wave propagation. This sometimes leads to the for-
mation of rotors (functional reentry) and eventually a disordered electrical state
characteristic of fibrillation [113, 212, 309].
Often, this focal activity is due to the presence of periodic calcium waves, that
result in calcium oscillations [204, 147, 42, 178, 279, 66]. In paced cardiac cells,
oscillations necessarily compete with the external pacing frequency and they may
be behind occurrences of spontaneous calcium release events during diastole [210].
Calcium oscillations arise typically due to a malfunction of the RyR2 [134, 214,
160, 210], a ligand-gated calcium channel [280] that controls the amplitude of the
intracellular calcium transient, by regulating the release of calcium stored at the
SR. Since calcium dynamics in cardiac cells is regulated by the release of calcium
at several tens of thousands of CaRUs, global oscillations must appear as a result
of an oscillatory regime at the local cluster level that can later be coordinated
by diffusion of free calcium. Alternatively, when synchronization is not complete,
oscillations at the local level can give rise to periodic calcium waves, providing a
pro-arrhythmic substrate [305, 241]. Calcium oscillations have been observed to
appear in ventricular myocytes under elevated values of cytosolic calcium [260], due
to periodic opening and closing of the RyR2s. An increase in cytosolic calcium
concentration results in a higher frequency of the oscillations until, at larger values,
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the SR is depleted because the RyR2 becomes permanently open [260]. A similar
transition has also been studied in models under conditions of SR calcium overload
[283, 303, 19].
A key element in the regulation of intracellular calcium dynamics is CSQ. As
we have already explained in section 6.1, this is one of the major Ca2+-binding
proteins in the SR, with high capacity and low affinity [192]. CSQ is preferentially
anchored close to the RyR2 channels [132, 80]. Nowadays it is known that CSQ is
an important regulator of RyR2 gating [99, 143, 252] through the calcium bound
to CSQ. Therefore, CSQ plays two roles in cardiac cells: it can be considered a
Ca2+ reservoir for release from the luminal space, but it is also thought to act as
a modulator of RyR channel gating. So that, in addition to simply storing Ca2+,
CSQ influences the release process by controlling free Ca2+ dynamics near the
luminal regulatory sites of the RyR2 complex [15, 14, 16]. Dysregulations in CSQ
dynamics have been associated with heart diseases [63, 221]. In particular, it has
been shown that the absence of CSQ enhances the RyR2 channel opening and, thus,
promotes premature spontaneous SR Ca2+ macro events. The ablation of CSQ
causes a form of tachycardia, namely, catecholaminergic polymorphic ventricular
tachycardia (CPVT) [63].
In this chapter, we use the subcellular model widely used in this Thesis to show
the appearance of periodic calcium waves and then analyze this phenomenon using
a deterministic model of calcium in a cardiac cell (or in a CaRU). We study the
existence and stability of different solutions and their dependence on CSQ levels
and function. We show that oscillations typically appear at high global calcium
concentration and/or high RyR2 open probability. Their appearance depends on a
delicate balance between the total calcium level in the cell and the level of buffering
of calcium available. For instance, at high values of CSQ, the system presents a
transition from a low concentration, excitable state, to a high concentration state.
Such a transition has been proposed to be the basis of complex states, such as long-
lasting sparks [256]. At low concentrations of CSQ, in between these two stable
states, oscillations appear. We study this transition using a minimal model, that
includes the concentration of dyadic and SR calcium and the open probability of the
RyR2 and show that it suffices to explain the appearance of oscillations. A further
reduction to a minimal two-dimensional model allows us to explain the transition
to the oscillatory regime in terms of the nullcline structure of the system.
8.1 Materials and methods
The methods used in this chapter have two clear different natures. First, we use the
fully detailed subcellular stochastic model of calcium handling presented in part II
to report numerical results showing calcium oscillations. We analyze under which
conditions oscillations appear in a controlled scenario where no external pacing is
present, and there are no calcium fluxes with the extracellular medium. Later,
in order to gain insight regarding the origin of the oscillations that we observe in
the full model, we construct a minimal deterministic model for the local dynamics
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of calcium at the level of the CaRU. The numerical and mathematical analysis
of this model allows us to analyze the underlying mechanism of Ca2+ oscillations
disregarding the coordination effects of the full model.
8.1.1 Detailed subcellular calcium model
Under physiological conditions, the total amount of calcium in the cell at steady
state is fixed by calcium homeostasis, i.e. the complex interaction of LCC, exchanger
and pumps, which affect the steady state level at which the calcium entering the
cell balances the calcium extruding. In this chapter, we are interested in studying
instabilities in calcium cycling, under constant cell calcium content. This allows us
to focus the analysis on the conditions for appearance of calcium oscillations under
different possible calcium homeostatic levels. Thus, we neglect calcium exchange
with the extracellular medium, setting the conductances of the L-type calcium
channels and the NCX equal to zero. Then, the total amount of calcium in the cell,
QT , is given by:
QT = vi(ci + cb,TnC + cb,SR + cb,CaM ) + vsr(csr + cbSQ). (8.1)
For a better comparison with the results from a reduced calcium model, described
later, we will consider as our control parameter the average calcium content of the
cell c̄T = QT /(vi + vsr). Thus, in our simulations, c̄T is a constant value that is
determined by the initial conditions for cytosolic and luminal calcium (free and
bound to buffers). Moreover, we have not considered the effect of the luminal
calcium as a mechanism to shut down RyR2s. We will discuss later why we do this
consideration.
8.1.2 Reduced calcium model
The minimal model for the local dynamics of calcium is based on the schematics
shown in Fig. 8.1. We consider a simplified description of the system, with dynamics
of the total calcium concentration in the SR, ctotSR, and in the cytosolic space close
to the RyR2, or dyadic space, cd, and of the open probability of the RyR2, Po,
dcd
dt














d(1− Po)− kmPo (8.4)
with the currents given by
Jrel = gPo(csr − cd), Jd =
cd − ci
τi
















Figure 8.1: Structure of the simplified model. Sketch of the
different compartments considered in the simplified model, with the
internal variables and the equations of the respective calcium fluxes.
A detailed derivation of these equations and their range of validity can be found
in Appendix B. Notice that, as in the full model, we consider a situation where no
external pacing is imposed. In this sense, neither external intake from the LCC is
considered, nor any extrusion via the sodium calcium exchanger.
For simplicity we consider a SERCA pump without an equilibrium condition,
that always pumps calcium from the cytosol to the SR. This gives a basal solution
at ci = cd = 0, instead of the physiological value of ∼ 100nM. However, given
that, at basal conditions, csr ∼ 1mM, this is a reasonable simplification. As in
the detailed subcellular model, we assume the approximation of rapid CSQ buffer,
so we can compute the amount of free luminal calcium csr from the total luminal
calcium ctotsr from Eq. (3.30).
To close the system we should introduce an extra equation for calcium concen-
tration in the cytosol ci. However, as we assume that the total calcium content
in the cell is constant, then we have a conservation equation. Therefore, we can
















where vcell is the unit volume defined as vcell ≡ vi + vsr + vd, and Bb is the concen-
tration of a generic buffer in the cytosol.
To simplify the analysis, we proceed to work with the assumption that the
dynamics of opening of the RyR2s is faster than that of calcium concentration
(Ṗo ' 0), obtaining then a minimal two-variable model. This will be our baseline
minimal model. However, we will later also consider an alternative model with
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fast dynamics for the dyadic calcium concentration (ċd ' 0). Clearly, under the
assumption that both processes are fast, as considered often in the literature [111],
in the model oscillations would disappear. A third possibility, with fast dynamics of
luminal calcium, although theoretically possible, does not have much physiological
sense, as SERCA is typically slow compared to release or diffusion from the dyadic
space.
Fast RyR2 dynamics In this case, we assume that the open and close dynamics
of the RyR2 are fast, so we can assume that it is in quasi-steady state (Ṗo ' 0).







where the parameter K2o = km/kp is the ratio of the open and close rates of the





























(csr − cd) (8.9)
Fast dyadic calcium dynamics In order to test the robustness of the analysis,
we will also consider a simplified model given by Eqs. (8.2)-(8.4), and consider the



















gPo(csr − cd) (8.11)
dPo
dt
= −kmPo + kpc2d(1− Po) (8.12)
where again, ci must be computed solving the quadratic equation for the conserva-
tion of mass c̄T [Eq. (8.6)]. For simplicity we will consider the case where no CSQ
is present BSQ = 0.
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8.2 Results
We first present the results of the numerical simulations of both the full detailed
model and the minimal model of calcium cycling. Both produce the same basic sce-
narios for intracellular calcium dynamics, with three different dynamical behaviors,
which we then proceed to analyze. The goal of the development of the minimal
model is, precisely, to be able to perform this analytical treatment and check how
the behavior depends on total calcium and buffering levels.
8.2.1 Results from the subcellular model
The full detailed model allows us to investigate the different behaviors present in
cardiomyocyte calcium cycling when there is no external pacing. We should point
out that, under these conditions, the average calcium concentration in the cell c̄T is
conserved since the total amount of calcium QT in the cell is constant. We produce
simulations with different levels of average calcium concentration and observe very
different behaviors (Fig. 8.2a). For the lowest value of c̄T , the RyR2s remain almost
closed, and most of the calcium content is stored in the SR. Despite the stochasticity
of the system, the average values obtained are reproduced reliably with only the
presence of local sparks as fluctuations of this global state. This state corresponds
to an excitable state, which is the expected behavior of the cell if it has to react




Figure 8.2: Calcium profiles obtained with the subcellular
model. a) Calcium traces obtained with the full subcellular model
and three different values of the average calcium concentration, cT .
b) Line-scans at different values of the load. Increasing the load, the
system undergoes a transition from a low cytosolic calcium state (at
cT = 47µM), where RyR2s remain in the close state, to spontaneous
oscillations, giving rise to calcium waves (cT = 65µM). Finally, at
high calcium loads (cT = 73µM) oscillations give rise to a high
cytosolic calcium state, where the RyR2s remain open, resulting in
SR calcium depletion.
When the calcium load increases, the system starts to spontaneously show cal-
cium waves. These waves persist in time with different shapes and durations, giving
rise to a nearly periodic oscillation in the global calcium signal. Roughly, we observe
one calcium wave per second (Fig. 8.4). Waves are normally initiated at different
sites each time but they appear systematically indicating a strong oscillation at the
substrate level that we will address in the discussion.
Finally, at large values of c̄T oscillations disappear, giving place to a stable
state with a high level of calcium in the cytosolic space and a depleted SR. In
this state, the RyR2s are generally open allowing for the depletion of the SR and
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the increase of cytosolic calcium. Except for local fluctuations this state is globally
stable and we can call it the open state. This state would not to respond to external
pacing, however it would produce the activation of the NCX exchanger which would
slowly decrease the average concentration model. As we pointed out previously, the
elimination of the calcium intake and extrusion in the model allows us to focus in
the general behavior of the cell under different homeostatic scenarios. Numerical
simulation indicate that as the calcium level is increased, the cell goes from a shut-
down and ready-to-respond state to an oscillatory regime to a global open state
where the cell does not respond.
Including RyR2 regulation by SR, Ca2+ does not change this scenario, but
rather, it actually increases the region where oscillations appear. Increasing the
load (see Fig. 8.3), the system undergoes a transition from a low cytosolic calcium
state, where RyR2s remain in the close state, to spontaneous oscillations, giving
rise to calcium waves. This transition happens at the a similar value of c̄T as in the
case without SR luminal dependence. However, the transition to the high cytosolic
calcium state, where the RyR2s remain open, occurs at larger values of the total
calcium content. Thus, these simulations suggest that the range of oscillations
is broader when the SR dependence is included to the model. Then, we have
considered the subcellular model without the luminal dependence on the RyR2 in
order to be more similar to the minimal models presented above.


















c̄T = 47 µM
c̄T = 65 µM
c̄T = 73 µM
Figure 8.3: Subcellular model with SR luminal dependence
on the RyR2. Calcium traces obtained with the full subcellular
model and three different values of the average calcium concentra-
tion, cT . The open rate between the open and the closed state
has been modified to include a dependence on the luminal calcium
following Eq. 3.13, with H = 10, EC50 = 500µM, and α = 15.
A similar trend has been observed experimentally by Stevens et al. [260], even if
in the experimental preparation the control parameter was the amount of cytosolic
calcium, and not total calcium, as in our simulations. Oscillations appear as the
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amount of calcium in the cell increases, giving rise to a state with depleted SR cal-
cium (and RyR2s in the open state), at high calcium concentrations. Furthermore,
experimentally it has been shown that changes in buffering levels can have also im-
portant effects on this transition. More specifically, Stevens et al. [260] have shown
that the reduction of CSQ in the SR bulk enhances the appearance of oscillations.
We have checked if this situation is also present in our simulation and found this
to be the case. As shown in Fig. 8.4, when we reduce the CSQ concentration,
the oscillations appear at lower values of c̄T , they have a higher frequency and the
range of oscillations in terms of c̄T becomes broader.


















] BSQ = 0mM
BSQ = 2mM
Figure 8.4: Oscillations in the subcellular model. Average
period of oscillations at different values of the average calcium con-
centration c̄T , for a concentration of CSQ of BSQ = 2mM (green
dots), and in the absence of CSQ (blue dots).
8.2.2 Minimal model without calsequestrin
We proceed to explain the results obtained in the minimal model where we find
the same qualitative behavior as in the results obtained with the full subcellular
stochastic model. We have performed simulations in the approximation of fast RyR2
opening dynamics at different values of the cell average calcium concentration c̄T .
We consider first the case where no calsequestrin is present, BSQ = 0. As we
observed in the full subcellular model, at low values of c̄T the system remains in
a low concentration steady state (Fig. 8.5). In this state the system is excitable,
so the fixed point is locally stable, but a large enough perturbation produces an
increase in calcium concentration, resulting in a calcium transient typical from
CICR. On the other hand, at high calcium loads there is a new fixed point with high
cytosolic calcium concentration, that has been related to the appearance of long-
lasting sparks [256]. As in the subcellular model, in between the low concentration
fixed point and the permanently open state, the system presents oscillations (Fig.
8.5), that are stable for a quite broad range of loads.





































Figure 8.5: Time traces of the different calcium concen-
trations for different values of total calcium concentration,
c̄T , and calsequestrin concentration set to zero (BSQ = 0).
After a transient, the system ends up in either a steady state which
is excitatory at low levels of total calcium in the cell with observed
low levels of calcium in the cytosol, in an oscillatory state with inter-
mediate levels of total calcium in the cell, or in a state of high total
levels of calcium in the cell with observed high cytosolic calcium
levels.
Indeed, the number of stationary solutions changes with the calcium concentra-


































vc̄T − vdcd − vsrctotsr
)
(8.15)
Eqs. (8.13)-(8.15) represent three algebraic equations that give the concentrations
ci, cd and csr as a function of total calcium concentration in the cell c̄T . When no
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calsequestrin is present BSQ = 0, it is easy to obtain that




















Introducing these expressions into Eq. (8.13) we obtain an equation of the
form f(ci; c̄T ) = 0. For each value of c̄T we can obtain the values of ci that solve
the equation. For instance, for a global average calcium concentration of c̄T = 32
µM we have only one solution, as shown in Fig. 8.6a. This solution, given by
cd = ci = 0 and ctotsr = v/vsr c̄T , exists for all values of c̄T . At high values of
the average concentration, c̄T = 54 and 75 µM, another two solutions appear, as
depicted in Figs. 8.6b and c.
a b c
Figure 8.6: Plot of the function f(ci) for different values
of the c̄T concentration. a) At low concentrations there is a
single fixed point. b) At higher concentrations two extra unstable
fixed points appear. c) At high concentrations the upper fixed point
becomes stable.
To calculate the stability of the stationary solutions, we have computed the
value of the eigenvalues of the Jacobian matrix, corresponding to Eqs. (8.8)-(8.9).
We find that, while the lower branch is always stable, the other branch of solutions
is unstable for a large range of parameters (Fig. 8.7), due to the appearance of
oscillations. The stability of the corresponding periodic orbit has been calculated
using XPPAUT [69] (Fig. 8.7). We obtain that, as c̄T is increased, a limit cycle
appears in a global homoclinic bifurcation, with zero frequency (Fig. 8.8c). In-
creasing c̄T , this limit cycle finally disappears in a Hopf bifurcation, at which the
upper fixed point becomes stable (Fig. 8.8b).
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Figure 8.7: Solutions for cytosolic calcium concentration,
ci, as a function of total calcium concentration, c̄T . Dis-
continuous lines represent unstable solutions while continuous lines
stable ones.
8.2.3 Minimal model with calsequestrin
We present now the main results of the simulation in the fast RyR2 minimal model
when calsequestrin is present. We use Eqs. (8.8)-(8.9), with Eq. (3.30) that relates
free with CSQ-bound SR calcium concentrations. Typically KSQ = 650µM and
BSQ somewhere between zero and 20 mM. We have then calculated the different
fixed points as a function of the total concentration c̄T for different values of BSQ
(Fig. 8.9). When BSQ 6= 0, increasing c̄T , the appearance of two extra solutions oc-
curs at larger values of c̄T , meaning that the close state solution is stable for a wider
range of c̄T . Besides, the oscillatory range becomes narrower when BSQ increases,
until at certain point oscillations disappear. The disappearance of oscillations is
due to the transformation of the bifurcation at which the upper fixed value gains
stability, from a Hopf bifurcation into a saddle-node bifurcation.
In addition, at this point, the system presents five fixed points where only the
lowest and uppermost are stable. It is important to note that this shows that CSQ
enhances the elimination of oscillations. Finally, for high values of c̄T , the system











Figure 8.8: Stability of the fixed points and the oscillations.
a) Solutions for cytosolic calcium concentration, ci, as a function of
total calcium concentration, c̄T . Discontinuous lines represent un-
stable solutions while continuous lines stable ones. When reducing
the total concentration, at c̄T ≈ 66 µM, a limit cycles emerges in a
Hopf bifurcation, from the upper state, that then becomes unstable.
The red lines represent the lower and upper values of the limit cy-
cle. At c̄T ≈ 50 µM, the intermediate unstable fixed point collides
with the limit cycle, that disappears in a homoclinic bifurcation.
Below c̄T ≈ 39 µM, the RyR2 close state is the only solution. c)
Oscillation periods as a function of c̄T .
Analytical results
The mathematical tractability of the minimal model allows us to get a better un-
derstanding of the transition to the upper state via oscillations. A first insight can
be obtained by plotting the nullclines of the system (Fig. 8.10), which can help
us understand the main mechanisms behind the transition to the oscillatory state.
In particular, we obtain the critical average calcium concentration for the onset of
oscillations, that depends on buffering levels, and the conditions for the appearance
of the upper state.
Nullclines and stability of solutions. Besides the transition from one to three
solutions (Figs. 8.10a and b), nullclines present a clear restructuring of their
branches well before the upper state becomes stable. Increasing the total concen-
tration, there is a sudden pinch-off in the cd-nullcline (Figs. 8.10b and c). Before
this change in nullcline topology, the lower state (with all the calcium in the luminal
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a
b c
Figure 8.9: Fixed points as function of CSQ. Number of fixed
points and stability of those fixed points as a function of total cal-
cium in the unit, for different values of calsequestrin concentration.
space and none in the cytosol) is the only stable attractor. Once the cd-nullclines
split, oscillations may appear around the upper unstable fixed point.
We can understand the effect of the pinch-off by plotting the trajectories for
values of c̄T close to the transition. Below the pinch-off, the trajectory follows the
fast dynamics of the cd-nullcline (the black line in Figs. 8.10 and 8.11), until it
reaches the fixed point. As the load is increased, the branches of the cd-nullclines
come closer until at a certain point the break-up occurs (Fig. 8.11c). Due to the
emergence of the pinch-off, the dynamics follows the lower nullcline up to the tip,
at the largest value of csr, where, due to the fast dynamics in the cd direction, it
jumps to flow again the nullcline, at larger values of ci. Since there is no stable
point, the trajectory starts a persistent oscillation around the unstable fixed point.
We can state that, for this problem, the nullcline break-up is the necessary and
sufficient condition to obtain oscillations.
Onset of oscillations. Using this observation, we can calculate analytically the
critical value of c̄T beyond which the system oscillates. At the pinch-off of the
nullclines, the cubic solution of ċd = 0 (black nullcline) loses two of the three
solutions at a given csr. To calculate this point analytically, first we observe that




Figure 8.10: Structure of the nullclines at different values
of c̄T indicated in the title of each panel. The black line in-
dicates the first nullcline ċd = 0, while the orange lines corresponds
to ċsr = 0. Dots indicate the fixed points. Filled dot: stable fixed
point and unfilled dot: unstable fixed point.
let us make the approximations that, at the pinch-off, the cd satisfies cd  Ko and
cd  csr. Being this the case, then Eq. (8.8) reduces to
dcd
dt
















Assuming that the concentration of bound cytosolic calcium is much larger than
that of free cytosolic calcium, we obtain
ci =
Kb(vc̄T − vsrcsr)
viBb − (vc̄T − vsrcsr)
(8.20)
From the polynomial equation for cd, Eq. (8.18), solutions of cd are lost at values
of csr given by 1− 4g̃cicsr ≤ 0, with g̃ = gτi/K2o . Expanding, this gives the critical




Figure 8.11: Structure of the nullclines at different values
of c̄T indicated in the title of each panel. The black line
indicates the nullcline ċd = 0, while the orange line corresponds to
ċsr = 0. The red curve is a trajectory with a direction indicated by
the red arrows.
value of c∗sr as:
viBb − vc̄T + vsrc∗sr − 4g̃c∗srKb(vc̄T − vsrc∗sr) = 0 (8.21)









Once the pinch-off has been produced (Fig. 8.10c), there are two values of c∗sr,
corresponding to the lowest and highest values of the upper and lower nullclines,
respectively. Just at the pinch-off these two points merge. This allows to estab-
lish the critical value at which the oscillation appears as the one that makes zero
the discriminant of the second order polynomial of c∗sr. After some algebra, the
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condition for the critical c̄∗T becomes
(vsr − 4g̃Kbvc̄∗T )2 − 16Kbg̃vsr(viBb − vc̄∗T ) = 0 (8.23)




















Using the parameters in Table B.1, this expression gives a critical value for the onset
of oscillations at around c̄∗T = 50 µM, that given the approximations considered,
agrees quite well with the value obtain from the simulations of c̄∗T ≈ 51 µM. Thus,
when the total calcium content exceeds this critical value c̄∗T , corresponding to a
calcium concentration in the SR of csr = v/vsr c̄∗T = 2.28mM (in the lower state),















which gives a value of c∗sr = 0.86 mM. At the onset of oscillations, there is thus a
sudden decrease in basal SR calcium concentration, to less than half its previous




















Figure 8.12: Dependency of the onset of oscillations with
buffer parameters. The filled dots represent the control values
Bb = 80µM, Kb = 0.5µM, given in Table B.1.
An increase in the quantity of cytosolic buffers (higher Bb) results in a delay


















Figure 8.13: Structure of the nullclines. Structure of the
nullclines at two different values of a) c̄T = 54 µM, b) c̄T = 75 µM.
A black line corresponds to the nullcline ċd = 0, while the orange
line indicates ċsr = 0. The functions f1 and g2 are the elements
of the diagonal of the Jacobian matrix defined as f1 = ∂cd ċd and
g2 = ∂csr ċsr.
in the onset of oscillations, that would occur at higher calcium load (Fig. 8.12a).
A higher calcium affinity (lower Kb) on the contrary, would result in oscillations
at lower loads (Fig. 8.12b). It is interesting to notice, too, that the strength of
SERCA does not affect the onset of oscillations.
Transition to the upper state. The oscillations disappear at a Hopf bifurcation
when the upper state becomes stable. It is possible to relate this transition to the



















A fixed point will be stable provided f1 + g2 < 0. When f1g2 − f2g1 > 0 the stable
fixed point corresponds to a node and if f1g2 − f2g1 < 0 to a stable spiral. We can
use this to relate the slope of the nullclines to the stability of the upper fixed point.
Let us denote α ≡ ċd and β ≡ ċsr the time derivatives of the independent variables.
At large values of the total concentration (see Fig. 8.13a, with c̄T = 75 µM), the
slope of the black nullcline (α = 0) at the fixed point is positive, while the slope of
the orange nullcline (β = 0) is negative. Then, increasing cd at constant csr, α goes
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from being positive to negative. This means that f1 ≡ ∂α/∂cd < 0. Using the same
argument, it is easy to check that also g2 ≡ ∂β/∂csr < 0, and therefore the fixed
point is stable. At lower values of the total concentration (see, for instance, Fig.
8.13a, for c̄T = 54 µM) the slope of the black nullcline becomes negative. Thus,
in this case, while g2 is still negative, f1 becomes positive, and it is not possible
to determine the stability of the fixed point. It will actually depend on the speed
of rate of cd and csr close to the fixed point. If the dynamics of cd is faster, then
one expects this point to be unstable, if it is csr that varies fast, then stable. One
would then expect that buffers that change the dynamics either in the cytosol or
in the SR would have an effect on the stability of the fixed point and, therefore, in
the range of existence of the limit cycle.





































Figure 8.14: Solutions as a function of total calcium con-
centration c̄T , with calsequestrin concentration set to zero
when the fast dyadic approximation is used. We obtain the
same type of structure as expected.The system can be in a monos-
table state, which is excitatory (low load), in an oscillatory state
(intermediate load), or in a bistable state (high loads), where it
usually ends in a state of open RyR2 and depleted SR calcium con-
centration.
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Fast dyadic calcium dynamics. It is useful to check that the basic points of our
discussion hold when different possible approximations are applied to the minimal
model. Namely, if the time scale of RyR2 opening is not as fast as the time scale of
calcium diffusion near the dyadic space we should analyze the fast dyadic calcium
approximation and not the fast RyR2 opening approximation in order to obtain
information from the nullcline analysis. To this end, we have performed simulations
of Eqs (8.11)-(8.12) at different values of the total calcium concentration c̄T (Fig.
8.14) and test that we find the same basic behavior: at low values of c̄T the system
remains in a low concentration steady state (Fig. 8.15), but oscillations appear for
a range of c̄T , up to a limit where an upper state becomes stable.
More importantly, the basic structure of the nullclines determines the possible
solutions and again, oscillations appear when pinch-off is produced (Fig. 8.14). The
fixed points in this case are the same as in Fig. 8.7, since they correspond to fixed
points of Eqs. (8.2)-(8.4). However, different slaving conditions may change the
stability of the fixed points, that now are analyzed in the plane (csr, Po). Similarly
to what we found in the previous analysis, calculating the stability, we find that the
intermediate state is always unstable while the upper branch is stable above certain
value of c̄T . Both states appear at around c̄T ≈ 54µM, indicating the robustness of
our analysis.
a b c
Figure 8.15: Structure of the nullclines at different values
of c̄T indicated in the title of each panel. The black line
indicates the nullcline Ṗo = 0, while the orange line corresponds to
ċsr = 0. The red curve is a trajectory with a direction indicated
with the red arrows.
Stochastic effects. In real systems, the opening and closing of the RyR2 chan-
nels presents intrinsic stochastic dynamics. This is also the case in the full sub-
cellular model. When considering average variables overall the cell, most of this
stochasticity is averaged out. However, even if small, stochastic effects may play an
important role [7] and, in particular, affect the properties of oscillations [149, 65].
We have thus studied these effects by including stochasticity in the minimal model
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+ σ(U − 0.5) (8.28)
where σ is the strength of the noise and U is a random number between 0 and
1. The magnitude of σ has been adjusted to be much smaller than Po when the
system is in the open state or oscillates but large enough to be able to affect the
dynamics close to the homoclinic bifurcation. In Fig. 8.16a the calcium traces
for both domain (cytosol and SR) are plotted. For high values of the load, the
system oscillates in the same way as in the deterministic limit (c̄T = 54µM). In
the deterministic model, the homoclinic bifurcation appears at c̄T ' 50µM , so it
is reasonable to expect the same behavior for loads above this threshold. Below it,
the oscillations in the stochastic system persist and the period increases as the load
is decreased, as is typical for homoclinic bifurcations in the presence of noise [225].
For low values of c̄T (c̄T = 35µM) the period has changed an order of magnitude
(∼ 1s) and now the calcium traces resemble closer those observed in the subcellular
model, or in experiments [260]. The dependence of the period on the total load is
shown in Fig. 8.16b.
a b
Figure 8.16: Stochastic effects on the minimal model. a)
Traces of the cytosol and SR calcium concentrations for three differ-
ent values of total calcium concentration c̄T . b) Oscillation periods
as a function of c̄T . The strength of the noise is σ = 2 · 10−3.
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8.3 Discussion
Calcium oscillations play an important role in cardiac cells, from the regulation
of growth in human cardiac progenitor cells [77], to the control of the pacemaker
rhythm in both early embryonic heart cells [286, 226] and in sinoatrial nodal pace-
maker cells (SANCs) [151, 289, 288]. Calcium oscillations have been observed under
conditions of high cytosolic calcium concentration [260] or SR calcium overload.
High levels of cytosolic calcium affect the opening probability of the RyR2, which
may result in oscillations or in a permanently open state [260, 223]. Calcium over-
load can be obtained, for instance, by inhibition of the Na+-K+ pump current
INaK , that results in [Na+]i overload. The consequent build-up of [Na+]i reduces
the effectiveness of the Na+-Ca2+ exchanger at removing calcium from the cell and
intracellular calcium concentrations become elevated. A similar effect is observed
in models of hypercalcemia [6]. The effect of elevated [Na+]i has been studied in
computational models, finding calcium oscillations [282], that, depending on the
model, appear via a supercritical Hopf [283] or a homoclinic bifurcation [303, 19].
The instability of the diastolic resting state is thus well-known [278, 108, 240]
and it plays an important role in the initiation of various cardiac arrhythmias [241].
However, the precise mechanistic relationship between Ca2+ and dangerous AP
repolarization is still not well understood. One possibility that has been suggested in
previous studies is that Ca cycling induces voltage deflections during the AP which
can induce a substrate for wave break and reentry [297]. These voltage deflections
are referred to as early-after-depolarizations (EADs), which can be caused by a
variety of mechanisms, such as reactivation of the L-type Ca current during AP
repolarization. Our results in this chapter suggest an alternative possibility that
EADs may be caused by Ca2+ oscillations that are regulated by Ca2+ buffers such
as CSQ. In this picture, oscillations of the RyR2-CSQ can perturb the AP via
voltage sensitive currents such as the L-type Ca2+ current and sodium-calcium
exchange. This suggests that crucial properties of EADs such as their amplitude and
oscillation frequency may be determined by the Ca2+ cycling system. This picture
is consistent with several studies in the literature showing that mutations in CSQ
cause abnormal Ca2+ cycling rhythms that are directly linked to sudden cardiac
death [287, 269]. Our study raises the possibility that Ca2+ cycling oscillations may
be a crucial component to understand these arrhythmias. This viewpoint has not
been explored in the literature and may be crucial to future therapeutic approaches
to control or eliminate the presence of EADs.
We have shown, using a full subcellular model, that under global calcium over-
load, SR oscillations appear, leading finally to a state with permanently open RyR2
and depleted SR. In these simulations, oscillations give rise to periodic calcium
waves, that propagate along the myocyte. To obtain a better understanding on the
origin and parameter dependence of these transitions, we have studied them in a
simplified model of the calcium dynamics. Despite not including all the physiolog-
ical details (or because of that), minimal models are often useful to gain a better
understanding of the origin of complex calcium rhythms [39], as oscillations [245].
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We have thus analyzed the different transitions within a minimal model, that takes
into account the RyR2 dynamics, as well as fluxes among different compartments.
This allows us to explain the origin of oscillations using a nullcline analysis, as
well as to give analytic expressions for the different transitions. A key conclusion
is that all buffers can affect heavily the dynamics. One interesting conclusion is
that buffers affect heavily the dynamics. The effect of buffers on oscillations has
been studied previously [292], and experimentally a change in CSQ levels has been
observed to alter the range of values of cytosolic calcium at which oscillations are
observed [260]. Here we find that an increase in the levels of CSQ prevents al-
together the oscillations, obtaining a direct transition to an open state, that also
occurs at larger values of total calcium content. We have shown that this picture is
robust and independent on which is faster, whether the opening of the RyR2 or the
diffusion of calcium near it. Although in this paper we have focused on the effect
of CSQ, an interesting extension of this work would be to study in more detail
the effect of changes in cytosolic buffer dynamics, allowing, for instance, for mobile
buffers. This would require to modify the minimal model to account for diffusion
of the buffer to nearby calcium release units, and we defer it for future work.
The fact that oscillations appear both in a fully detailed stochastic model and in
a simple deterministic model seems another proof of the robustness of the behavior.
Our results with noise added to the minimal model seem to suggest that allowing the
RyR2s to behave stochastically could actually increase the parameter region where
oscillations appear. This effect has been observed previously, where some amount
of noise coming from the stochasticity of the ion channels may sustain oscillations
by the process of coherence resonance [230, 156]. Thus, contrary to the results
from the deterministic minimal model, where there is a sudden decrease in basal
SR calcium load at the onset of oscillation, the addition of noise provides a gradual
transition from the resting state to the oscillatory regime. This would agree with
the results obtained by Stevens et al [260], where oscillations appeared gradually
as cytosolic calcium content was increased, together with a continuous decrease in
the level of basal SR. The addition of noise also gives a longer oscillation period, as
observed in the subcellular model or in experiments. Even with this limitation, the
analysis of the deterministic minimal model is still useful since it determines the
minimal period of oscillation and the possibility of having periodic calcium waves.
In a cell, when each calcium release unit presents or is very close to the onset of
oscillations, periodic calcium waves appear. Under these circumstances, all units
have a tendency to fire periodically, with noise making some units have a slightly
early release. Diffusion of calcium to neighbors triggers the release of other units
that were already close to open again. Waves are thus the coordinating mechanism
of the oscillatory substrate of each unit.
Contrary to other scenarios studied for the onset of calcium waves [278], in our
case, the rest state is not unstable, but rather it coexists with the oscillatory state,
although, as discussed above, small fluctuations may favor the latter. Oscillations
appear when the SR Ca2+ flux through the RyR2s becomes large, either because
of a large luminal calcium load or to sensitization of the RyR2 due to an increase
120 Chapter 8. Calcium oscillations
in diastolic calcium. These conditions can be met from a lack of CSQ, under an
increase in global cell calcium content, or upon phosphorylation of the RyR2, for
instance. Under these circumstances, there is a strong release flux from the SR that
results in SR depletion. As the SR is refilled, the SR release flux again increases,
resulting in periodic oscillations. Although RyR2 inactivation is present in the
subcellular model, in our simulations release refractoriness is due mostly to SR
depletion, and its recovery is dictated by the slow refilling of the SR since this
time scale is slower than the RyR2s recovery from inactivation. Thus, the latter
modulates the conditions of oscillations but does not determine them. We cannot
discard, however, that under conditions of fast SR refilling, RyR2 refractoriness
could not become the determining factor of the oscillations. This is reminiscent of
the situation observed in calcium alternans, where both a slow refilling of the SR
and RyR2 inactivation have been deemed as possible mechanisms for the onset of
that rhythm [67, 5].
Finally, in this chapter, we consider a cell which has achieved calcium balance
where intrusion and extrusion match, and have neglected calcium fluxes across the
cell membrane to focus on the internal calcium dynamics in order to decouple both
processes. Under normal pacing, extracellular calcium fluxes typically represent
about 10-20% of the total calcium fluxes, so it is not unreasonable to consider
that the total calcium content remains constant once at a steady state. Under
these conditions, cytosolic and SR calcium concentrations are not independent but
linked, and a clear control parameter is the total calcium concentration. Here
we show that it uniquely determines the state of the system. Of course, in the
presence of transmembrane fluxes, calcium oscillations or waves, or a permanently
open RyR2, would result in an extrusion of calcium out of the cell and an eventual
decrease in the total calcium load of the cell, that would transition back to the
quiescent state (in the absence of external pacing). It seems interesting to study in
the future the effect of oscillations and waves in the action potential, as well as a
paced cell at different periods and the interaction with the pacing period. Observing
how the time scale related to oscillations interacts with the time scale needed to









The heart is a complex multi-scale dynamical system crucial for the life. A syn-
chronized behavior at all the spatio-temporal scales is needed to properly pump
blood throughout the body. Although contraction is the main action carried out
by this organ, some of its properties (and dysfunctions) can be already studied at
rest conditions. With regard to calcium handling, this would be the case of spark
morphology. In this Thesis I have explored a variety of calcium phenomena, all of
them arising from the collective activation of the RyR2s, by means of a detailed
subcellular model at the submicron scale. I have studied the effect of size and
distribution of CaRUs regarding the local calcium activity. In this sense, I have
developed a methodology to generate realistic CaRUs distribution based on exper-
imental data. We have also examined the effects of CSQ and phosphorylation on
the RyR2 dynamics. Their role as RyR2-modulators is essential to understand the
physiology of AF. Furthermore, I have studied the consequences of detubulation
in atrial cells, a structural change observed during AF and HF. Finally, we have
mathematically explored the onset of calcium oscillations in atrial cells using both
the full subcellular model and a toy model that allows us to do nullcline analysis of
the problem.
The development of this Thesis has been a lengthy (and sometimes bumpy)
road, that has allowed me to comprehend the stochastic nature of the subcellular
calcium dynamics. In the beginnings, I started simulating paced cells to validate
the model. We obtained physiological global calcium traces and we were able to
reproduce the local heterogeneities due to the lack of t-tubules in atrial cells [117,
109]. The publication of the model in a scientific peer reviewed journal was done in
the second year of the PhD after several months of thoroughly checks and testings
[180]. This initial phase of the Thesis where we developed the model was the most
laborious given the technical complexity of the model which, moreover, has a high
computational cost. For that reason, I needed to optimize all the processes and
subroutines. Simultaneously, during those months, I had tones of papers about
cardiac dynamics to read and understand. The next question that naturally arose
was: what happens if we include t-tubules in the simulations? Actually it was an
interesting issue since many scientific studies claimed that t-tubules are not only
present in ventricle cells but they may also be present in atrial cells, with a lower
density [62, 244, 220]. In this respect, we modified the atrial model to include a
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variable density of t-tubules. Our results showed the significance of the t-tubular
structure regarding the synchronization of the calcium signal. Besides, we studied
the SERCA reduction during detubulation and the effects of axial tubules in paced
cells. Both effects have been experimentally observed [79, 87, 61]. We proved that
axial tubules are crucial during centripal wave propagation in paced cells. The syn-
chronization between LCCs and RyR2s during stimulation is needed to achieve the
cellular contraction. The high resolution of the model have allowed us to quantify
this synchronization by means of opening times of the RyR2s [181]. With this sec-
ond paper we published the first series of results regarding the structure of t-tubules.
The application of the model to understand real situations was a motivating feel-
ing to continue exploring the subcellular world of the cardiac dynamics. Based on
the results about RyR2 synchronization, we felt the need to gain knowledge about
interaction among RyR2s. It was at that time when we had long meetings to study
the local dynamics of the RyR2s.
The existence of spontaneous global calcium oscillations under resting conditions
is one of the main behaviors observed experimentally. In order to investigate the
onset of these oscillations we developed a minimal model of CaRU where only the
main calcium currents are present. The characterization of the calcium oscillations
based on the nullclines and fixed points analysis allowed us to understand the role
of the calcium load and, specifically, how the lack of calsequestrin enhances the
appearance of these oscillations. Moreover, the addition of stochasticity to the
minimal model allows the system to oscillate at physiological frequencies, a fact
that underlies the relevance of the stochastic behavior of the RyR2s. The results
found in the simplified model were also observed in the full subcellular model.
To follow the investigations on the local RyR2 dynamics, we studied the spa-
tial organization of the RyR2s. Certainly, the scientific knowledge about the RyR2
distribution was unclear and contradictory, as it is shown in Fig. 5.4. However, we
wanted to quantify the subcellular dynamics for several RyR2 distributions. In this
regard, we developed a novel methodology to generate heterogeneous assemblies
of RyR2s. In particular, we followed [175, 262] to assume a bimodal (Gaussian
& Exponential) distribution. This extension of the model allowed us to generate
more realistic RyR2 assemblies. The comparison between the homogeneous and
the heterogeneous configuration shows us that, under normal conditions, not rel-
evant differences are observed regarding the spark features. However, there exists
a 6-fold increase in the probability of macrosparks in the heterogeneous distribu-
tion. Given the role played by macrosparks in the generation of abnormal cardiac
rhythms, the natural continuation of this work would be in the line of simulating
both configurations under pathophysiological conditions (increase of the SR load
and increase of the open probability of the RyR2). Beyond the quantitative results,
the spark characterization in terms of the number of opened RyR2s has allowed us
to correlate this magnitude with the main characteristics of the sparks. Up to now,
this analysis has never been done in real cells. This section about heterogeneous
distributions of CaRUs has been finished in the final stage of the PhD and because
of that it has not yet been published. However, in the near future we have in mind
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to write a paper explaining the work done in this line.
The study on RyR2-modulators led us to collaborate with Dr. Leif Hove-
Madsen, from the Biomedical Research Institute Barcelona IIBB-CSIC, ar Hospital
de Sant Pau, in order to go in depth in our analysis on the local RyR2 dynamics.
Based on our meetings, we developed together the main findings of chapter 6 that
will be partially published on [268]. In this work at Dr. Leif Hove-Madsen group,
they analyzed the spatial distribution of CSQ and the degree of the RyR2 phos-
phorylation in real cells. It was proven that the heterogeneous distribution of both
magnitudes utterly determines the frequency and distribution of calcium sparks in
patients with and without AF. We included the dynamics of these magnitudes in
our model following previous results [153]. With this, we simulated two type of cells
depending on the levels of CSQ and RyR2-phosphorylation, which represented cells
with and without AF, corresponding to the experimental findings. With our work,
we proposed the mechanisms underlying the RyR2 over-activity during episodes of
AF. Moreover, we have been able to quantify the spark features, reproducing the
experimental results. The development of this part was laborious given that we had
to adjust the model not to the general knowledge about sparks but to the specific
experiment that we have referred to. In spite of that, we were able to reproduce
the experimental findings by adding to the model another dimension of analysis. It





In this Thesis I have analyzed different spatio-temporal patterns arising from several
calcium pathways. In this way, I have studied the calcium patterns due to fire and
diffusion mechanism, the leading process when a cell is paced. I have also shown
the local calcium dynamics in the cell at rest conditions and how the cooperativity
between clusters promotes the appearance of calcium sparks. These results provide
the basis for further research work.
We have learned that the RyR2 assembly is an important structural property
that determines the local calcium dynamics. In chapter 5 I have characterized
different properties of the CaRU distributions such as the longitudinal dispersion
through the z-lines or the assembly of RyR2s in bigger CaRUs (from 36 to 54
RyR2s). Moreover, we have studied the spark characteristics of a heterogeneous
distribution of RyR2s. Futures studies will be devoted to understand the effect of
other distributions that have already been observed experimentally and we have
outlined in Fig. 5.4. Furthermore, the appearance of intracellular calcium waves is
a widely effect studied both experimentally [204, 193, 261, 263] and computationally
[40, 123, 140]. Thus, a future line of work that will follow the current Thesis would
be the characterization of spontaneous calcium waves in terms of the subcellular
assembly of RyR2s. We should include in that work the analysis of the different
pathophysiological conditions such as the calcium overload or the increase on the
open probability of the RyR2s.
In collaboration with the authors who first revealed the spatial distribution
of calcium sparks during AF (Hove-Madsen et al.) [268], we have developed a
mathematical description to simulate the experimental results. This description is
based around two principles: the heterogeneous distribution of CSQ and RyR2-
phosphorylation through the cell. In the coming years, the experimental findings
will broaden the knowledge on the subcellular cell properties and our model will be
a suitable tool for analyzing and predicting. Moreover, other chemical compounds
have been reported to modulate RyR2 activity and, in turn, the appearance of
pro-arrhythmic situations. These species are peroxides (H2O2), superoxides (O−2 )
or hydroxil radicals (·OH) among others, and are often referred together as reac-
tive oxygen species (ROS) and they are mainly generated by mitochondria [195].
ROS are known to tune cardiac functioning under healthy conditions, but under
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pathophysiological conditions their effects may divert and promote the rise of ar-
rhythmogenic behavior. In particular, ROS and other reactive nitrogen species
react with cysteine residues on RyR2 to rapidly and reversibly modulate RyR2
Ca2+ sensitivity. As a result, an increase of SR Ca2+ leak is produced leading to
alterations of the cytosolic Ca2+.
The measurement of calcium sparks during experiments is subject to the reso-
lution of the confocal microscopy. Although great enhancements have been done in
this field, up to now, the noise produced by the photomultiplier hides many small
calcium events. It is thought that these short sparks produce a passive calcium leak
through the RyR2 [235], however the magnitude of this current is still unclear. To
address this issue, the model can be used to give a quantification of this passive
calcium leak in terms of the SR load.
Finally, the model can be used to test the effect of new drugs and gene mutations
or genetic variants. The high resolution of the model would allow us to properly
incorporate the dynamics of new chemical compounds. In silico experiments are the
fastest and cheapest way to make the first approach to the testing of new drugs.
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Table A.1: Parameters of the subcellular model (part 1).




































In this appendix I show how to derive the simplified model in Eqs. (8.2)-(8.4)
from a detailed deterministic model of calcium handling. We consider cytosolic
and luminal spaces, each separated into different compartments, i.e, dyadic and
cytosolic by the one side, and junctional and network SR, by the other. We also
consider the effect of two buffers in the cytosol, TnC and SR, and CSQ in the SR.
The effect of the buffers is actually very relevant, as they change the structure of
possible solutions of the system.
With this, the dynamics can be described by the following set of deterministic
equations for the calcium concentration at the different compartments
dcd
dt


























gPo(cj − cd)− (B.3)
− konSQ cj(BSQ − CbSQ) + koffSQCbSQ (B.4)
where cd, cj , csr, ci stand for the concentration in dyadic space, free luminal, SR
network and cytosol, Po is the fraction of RyR2s in the open state, τi and τsr are the
diffusion time constants out of the dyadic space and SR network, vi, vd, vjsr and vsr
are the volumes associated with each compartment, gup is the strength of SERCA
pump, Ks is the concentration at which SERCA closes and g is the strength of the
release current. The dynamics of the buffers are given by linear reactions with the
following set of ODEs
dCbTnC
dt
= konTnCci(BTnC − CbTnC)− koffnTnCCbTnC (B.5)
dCbSR
dt
= konSRci(BSR − CbSR)− koffSRCbSR (B.6)
dCbSQ
dt
= konSQcj(BSQ − CbSQ)− koffSQCbSQ (B.7)
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Since the total amount of calcium has just a variation of about by a 5% or 10% over
a calcium cycle, I assume that the total calcium concentration, c̄T , is fixed. In this
way, one does not have to solve a differential equation for the calcium concentration




(ci + cb,TnC + cb,SR + cb,CaM ) +
vsr
vi + vsr
(csr + cbSQ) (B.8)
Homeostatic behavior of the cell will eventually load the system more or less, in-
creasing or decreasing c̄T .
Gating of the RyR2 can been described by Markov models that describe the
transitions among different conformations of the channel. Thus, for the dynamics
of the RyR2 I consider a phenomenological four state model (Fig. 2.1c) [259].
dPR
dt





dPR − kicdPo + krPIB − kmPo (B.10)
dPIA
dt
= −kpc2dPIA + kicdPR − krPIA + kmPIB (B.11)
with the last equation given by the condition that the sum of probabilities is equal
to 1
PIB = 1− PR − Po − PIA (B.12)
PR and Po are the ratios of local RyR2 in the recovered and open states. PIA and
PIB stand for the terminated states.
To make model treatable I assume several hypothesis.
1. We consider rapid equilibrium of cj (ċj = 0). Thus

















(konSQcj(BSQ − CbSQ)− koffSQCbSQ)
]
(B.14)
2. At first order, I approximate cj as csr in the right hand side of Eq. (B.14).
This approximation is valid when τsr vdvsr gPo  1 and τsr
vd
vsr
gPo  1. Then,













gPo(csr − cd)− (B.15)
− vjsr
vsr
[konSQcsr(BSQ − CbSQ)− koffSQCbSQ] (B.16)
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where I have eliminated the dependence with cj .
3. We apply the rapid buffer approximation in the SR because CSQ is very fast
[222, 38]. The derivation of csr in terms of ctotsr have been already shown in
the main text (see Eqs. 3.25-3.30).








5. Besides, I combine both TnC and SR buffers in only one buffer with a total





6. Finally, since in our simulations the inactivated states of the RyR2s are not
determinant to produce oscillations (see Fig. B.1), for simplicity I have ne-
glected them. I consider that the inactivated states of the RyR2s do not play
a role in the mechanisms that produce oscillations. For that reason, I reduce





where km sets the mean open time τrec = 1/km of a RyR2 while kp gives the
open probability. Then, the ODE for the open probability Po is
dPo
dt
= −kmPo + kpc2d(1− Po) (B.19)
The parameters of these equations are taken from the literature where, except
for those of the RyR2, are well documented. The ratio of SR to cytosol in the cell is
roughly 1 to 20-30. The order of magnitude of the volume of the cleft where calcium
is released is around 10−3 µm3 [238]. SERCA is roughly activated at around 0.2-0.5
µM and closed at around 15-20 µM and the amount of buffers which is relevant to
the absorption is around 50-100 µM , taking an average affinity of around 0.5 µM
[238]. The whole set of parameters is given in Table B.1.




















Table B.1: Parameters of the model.


















c̄T = 65 µM

















































c̄T = 63 µM
































Figure B.1: Role of inactivation in the onset of oscillations.
Periodic calcium waves in the subcellular model with (a) and with-
out (b) inactivation. In the lower panel I show the fraction of RyR2s
in the different states shown in Fig. 3.3. For the simulations in (b)
I have set all the inactivation rates equal to zero.
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